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Astronomy. — “On the mean star-density at different distances 
from the solar system.’ By J. ©. Kapreyn. 


(Communicated in the meeting of February 29, 1908). 


In the meeting of April 20, 1901, I derived not only the so-called 
'luminosity-curve but also the law according to which the star-density, 
i.e. tlıe number of stars per unit of volume,.diminishes with increas- 
ing distance from the solar system‘). I assumed, and the assumption 
will again be made in the present paper, that there is no absorption 
of light in space. 1 then pointed out that the luminosity-curve is 
not very appreciably modified if we change, within admissable limits 
the data from which it was-derived. On the other hand it was 
expressly stated that the determination of the change of density was 
only quite provisional. Its discussion was deferred to a subsequent 
communication, in which, along with the data then used, other ele- 
ments might be taken into account. (l.e. p. 731). 

These other elements are mainly: the total numbers of stars of 
different magnitude and their mean parallaxes. As to the first, the 
numbers: a short time ago I treated all the materials accessible to 
me (see Publications of tbe Astr. Lab. at Groningen N°. 18) 
and I think that I obtained very reliable results for the stars brighter 
than 11.5, fairly reliable ones down to the 15!" magnitude. Now, 
though the mean parallaxes are still wanting, we are already able, 
by the numbers alone, to arrive at a considerable improvement in 
the distribution of the densities, at least for the larger distances. 
Such a derivation will be given in what follows. 

As formerly a separate treatment of the regions of different galactie 
latitude was not yet attempted, because | think that it will be desirable 
that in carrying out such a separate treatment we investigate at the 
same time whether it be admissable. or not to assume the same 
luminosity curve (mixture-law) for the different parts of the system. 

Already I have collected fairly extensive materials for this purpose, 
but still some time will have to elapse before the investigation can 
be carried out with advantage. 

In the main my purpose, in making the following determination, 
was simply to get first notions about the star-density at still greater 
distances than could be reached in our former investigation. The 
determination embraces also the smaller distances but it remains to 
be seen whether for these the correction found is or is not an 
improvement. 

In the Astron. Journ. N°. 566 I derived analytical eXpressions, 


!) See also: Publications of the Astr. Lab. at Groningen No. 11, 
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which fairly represent the numbers found in the communication 
Just mentioned. 


Let 
RE Apparent-brightness of a star of mag m (log. = 0.4); 
y9°-- „ . ”„ „mn M -F 1 
e == distance from the solar system (oe —=1 for parallax = 0"1); 
N„ = number of stars in the whole of the sky between the apparent 


t 1 
magnitudes m — ri and m + = 


A (eg) = star-density —= number of stars per unit of volume at distance 
o (unit of volume —= cube, each side of which = unit of distance). 
h„ = apparent brightness of a star of the magnitude m (hs —1). 
L = luuminosity = total quantity of light emitted (Z=1 for Sun). 
$(L)dL= probability that the luminosity of a star, chosen' at 
random, is contained between Zand Z+dZL. 


FAT; 

ALL) 2 Y(z) dz = probability that the luminosity is contained 
& 
v®s 


1 
between the limits Z+ z map. 


Now, if we assume that $ (Z)is not dependent on @, we shall have 


© mV d : | 
Nn=4r [A @Wae| vg) a4 | A) wine) de 
° En 0 
vs 
The expressions derived in Astron. Journ. N°. 566 are: 
Bi = et nn I süge OT (a) 
2 
rer DE ER NIE N.N 3 
an -r Pg8 (8) 
in which Ban 
1. ==: 
(4 
a? = 0.385 
Pröll Mestle ion ae Wi gl) 
— 0.0220 
ae a 
=0 


In a subsequent part of the same paper, the numbers of the stars, 
as given by Pıckering led to a new value of A(0) wız. 

Pe N N 

the difference of this value and the value (5) is wholly explained by 


the constant difference of the photometric scale of Potsdam, which was 
43* 
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used for the determination (5) and that of Harvard which served for 
the derivation of (7). 

In what follows the magnitudes have also be reduced to the 
Harvard scale. I have adopted the luminosity-eurve (2), in which the 
constants have the values (4), without any change. For the density 
curve (3), however a new determination was obtained by the aid 
of the total numbers of the stars of different apparent magnitude. 
In other words: by the aid of formula (1) I derived A asa function 
of @ from the given values N„ (m — 2 to 15) and the given form of y.. 

The introduction of the analytical functions (2) and (3) has the 
advantage of greatly facilitating the computations. Of course we have 
not to forget, however, that they can be relied on only just to the 
same extent as that for which we possess observational data. For 
the luminosity-curve, with the exception only of the stars belonging 
to the classes of the very greatest apparent brightness, the unlimited 
use of the formula will not easily give rise to appreciable errors, 
because extrapolation is only necessary for a very small fraction of 
the total. On the contrary, the density-curve (3) (which, as we already 
remarked, is not very accurately determined) furnishes values, which, 
for og exceeding 60, are to be considered as wholly obtained by 
extrapolation. It will appear from what follows that up to eg = 60 the 
values derived from the new materials do not differ from those 
formerly obtained more than seems in accordance with their uncertainty. 
That on the other hand, the values for eg > 60, which we may extra- 
polate by means of formula (3), are /ar too small; to such an extent 
that for these greater distances the formula is evidently quite un- 
satisfactory. 

To begin with, I ascertained how the formula (3), in which the 
constants have the values (6) and (7), represents the N, of publication 
18. A table of the integrals entering in the formula (1) has been 
given in Astronomical Journal N’. 566 for values of m between 0 
and 11. (table III) ’). 


!) In the calculation of the values of T, and 7, a mistake has been discovered: 


T, T3 
For m = 30, instead of 9.12 read 9.13 
u a Re 
Be era 
60 „ »„ 21.86 „ 21.99 
2 Ol „26.63 ,„ 26.88 
RE, „ 30.54 „ 30.96 
LO „ 32.80 „ 33.42 Instead of 1.71 read1.72 
10.0441, Ba Bil, #336 N ae 


11,0 „02, „ 30,54 „ 31.51 5 „ 1.04 „ 1.08 
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For m=14 the values were now expressiy computed. The result 
is as follows: 


Total number of stars. 


Comp. I. Comp. II. 
m Obs. (Publ. 18) (by Form. (3)) 
4.5 tot 5.5 1 848 1 897 1 788 
B3,,. 2,5 17 940 18 420 18 650 
93.795 159 200 140 200 169 500). =: (8) 
105. „11.5 1 275 000 808 200 1 335 000 


13.5 ‚14.5 23 680 000 6 500 000 20 800 000 


The deviation increases strongly with diminishing brightness and 
is excessive for magnitude 14. We conclude at once, that for the 
greater distances the formula (3) furnishes a value of the star-density 
which is much too small. Caleulation shows that some approximate 
agreement is already obtained if we take the stars between og = 140 
and o= x» to be 21 times more numerous. 

As it thüs appears that formula (3) is useless for considerable 
values of ge, I began by retaining that formula exclusively for the 
values of e below 70 whereas for the values exceeding 70 I assumed 
that the density diminishes regularly (linearly) from 0.214 to zero. 

It was easily ascertained that, if we choose the decrease of the 
density in such a way that it vanishes for o—= 557, we get consi- 
derably nearer to the truth, especially if we take: 


2. 129 


The values obtained in this way were put down in the above 
table under the head Comp. I. 

As a further approximation I also derived corrections for the star- 
density at distances below 70. It appeared that the results become 
more satisfactory if the linear decrease of the densities is assumed 
to begin for distances somewhat smaller than 70. 

Having obtained this result I have no further continued these 
approximations, but I have given up the formula (3) altogether and 
have tried to determine the luminosity-curve directly in the assumption 
that, for the intervals between g=0 and ge=10; e=10 and 
e=30; e=30 and 50; e=50 and ge=g the density changes 
linearly in such a way that it vanishes for e=9. 

In this way the problem is reduced to the derivation of the 
5 unknown quantities: 

A(0) ; A(10) ; Aß0) ; A(50) ; 9. 
For reasons given in the paper quoted above we have to assume 
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9A k 
that SE vanishes for e=0. As a consequence A(10) will certainly 
ß 
be little different from A(0). Therefore, in order to reduce the 
number of unknown quantities as much as possible, I took, in 
agreement with what was formerly found: 
PRDESCR LE) 
The number of unknown quantities is thus lowered to 4. 
Putting 


Ale) _ 

ee 
we have 

D, =A0-b Di»... Als 


in which, for the several intervals, A and B have the following 
values: 


A B 
e= 001 art, = Be 
10 „80 a, ad, ARD I 
p 
30 „50 n a RR er 3 
ee A 


g—507" g9I— 50 
The practical advantage of the present form is that the expression 
(1) for N„ can now be reduced to the well known integral 


1 ar 
e9=—_|+-"% 1 6 ee 


Numerical integration is thus avoided and we obtain relations 


which are linear in respect to the unknown quantities D,, , D,, and 
1 > 


20) 
If we denote by (N); the number of stars between apparent 
magnitude mn and m 15 existing between the distance O and 

9, we get, substituting (2) (10) 11) in (1): 
Nm =I6A+HBJIAN) . 2... (1) 
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in which .u = mod. of the Nep-Log. 


0.4 m — 2.204 7 1 


ana a2 08 1 
nn, rg] a(2.20- T-0.4m+ 2loge)-— |(13) 
& 2a 

5 04m —2.20+7 1 

N Tre Baar 7 ı 
eh PR | 0(2.20-7-0.4m+ 2loge)-— |(14) 

hm day 


20 tim ni. (DB) 


Assoon as the (N„), have become known we find the (Nm), ° by 


simple subtraction. 

I have carried through the solution for the values 400, 600, 800 
and 1000 for g. It appeared that only when we come to the last 
value we get satisfactory results. 

It seems superfluous to give all my calculations in full. I will 
only communicate some of ihe values obtained with the constant 


BE ne... 22 (16) 


which was finally adopted. The value of the @ and H were found 
to be as follows. (See table I p. 632). 

Now, if for the stars of magnitude 2, 3,4,5, we take the numbers 
found by Pıckerine for the whole of the sky, vız. resp. 58, 172, 
577, 1848') and for the remaining magnitudes, the numbers which 
we derive from table 2 of the Groningen Publication N’. 18, by 
simply multiplying with 41 253 (the number of square degrees for 
the whole of the sky), we find equations of condition for the deri- 
vation of the unknown quantities A(0), D,,, D,., such as this: 


58 50; — 0.2962.+ 0 0411.D,, + 0.0244 D,, 


140 
etc. They get a more convenient form if we put en Z and if 


we then divide all the equations. by the coeflicient of Z. In this 
way the equations of condition become as follows: 


!) In Publ. 18. p. 8 I found, by countings made on the materials of Pıckerıne: 
2.495 h 196 171.449 — . 5.495 — i 
5798; Nas + W4l; N — 574; Du ss 1837 


With ihe aid of the computed values communicated in the same publication it is 
easy to pass from these to the numbers N» etc. The results thus found are 


those of the text. 
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TABLE I. 


U 5.8 8 


Die u | 


11 
13 
15 


0.9344 

3.406 
11.22 
33.29 


210.9 
850.9 
2163. 
3436. 
3387. 


2.365 
10.73 
44.74 

169.5 


179. 
12 380. 
54580. 

151 700. 
264 000. 


3.105 
15.39 
70.58 

:296.8 


3937. 

34 570. 
195 700. 
703 600. 

1 589 000. 


4.834 
30.29 
188.1 
1151. 


39 430. 

1 107 000. 

23 250 000. 
340 600 000. 
3 329 000 000. 


0.2463 
0.7842 
2.314 
6.275 


34.79 
128.0 
304.6 
460.9 
438.6 


0.3302 

1.203. 

4.179 
13.66 


116.5 

696.0 
2778. 
7203. 
41.900. 


0.3496 0.3670 
1.324 1.461 
4.847 5.813 
16.94 23.12 
171.0 369 .9 
1 254. | 5425. 
6288. 72 510. 
20 780. 784150. 
44420. 6 275 000. 
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(m—=2) 0.099D,, +0.059D, —Z=0n5, 
(m — 3) 0.186 #016 :—-Z—= 0.836 


m=4) 0.272 + 0.287 — Z—= 0.817 

(m—=5) 0:375 + 0.534 — Z—= 0.781 

(m=?7) 0.527 + 1.474 — Z=0.595). . (19) 
(m = 9) 0.508 + 3.108 — Z—= 0.345 

(m — 11) 0.341 5.187 — Z=0.149 

(m = 13) 0.159 + 6.926 — Z—= 0.047 

(m = 15) 0.050 47.148 — Z= 0,010 ' 


In solving these equations I have neglected those corresponding 
to the magnitudes 2 and 3. The reason is that for these the influence 
begins to be sensible of stars of so great a luminosity that extra- 
polation beyond the directly determined part of the luminosity-curve 
becomes necessary. These stars might therefore rather be used for 
a correction of this curve at its brighter extremity. 

The remaining equations have been condensed into three by com- 
bining those for m=4 and 5, those for 7, 9, 11 and those for 
13 and 15. The solutions of these three equations is: 


Z = 1.002 therefore A(0) — 139.7 | 
D, = 0.460 Br Al A6rEB) 
D,, = 0.1315 | 


whereas we already assumed 
D,,==20:070° 0%. zunnf nu (19) 
If with these values we compute the numbers N,„ and if further 


we interpolate those for m=6, 8, 10, 12, 14 we get the following 
comparison between theory and observation: 


TABLE II. TOT 
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AL NUMBE 


R 


OF STARS. 


oe ax no u» wm» 


er 
>» © 


u 
Do D 


15 


44.5 
161.5 
564.3 


Obs. Comp. 
58 | 
172 | 
577 
1 848 1 889 
5 816 6 025 
47 940 18 450 
54 040 54 580 
159 200 157 200 
457 900 448 000 
4 275 000 1 256 000 
3 453 000 3 490 000 
9 457 000 9 449 000 
233 680 000 24 400 000 
60 225 000 58 500 000 


O-C 
in fraction of 
whole obs. numb. 


+ 0.233 
+ 0.061 
+ 0.022 
— 0.022 
— 0.036 
— 0.038 
— 0.010 
+ 0.013 
+ 0.022 
+ 0.015 
— 0.011 
— 0.0285 
— 0.018 
+ 0.0%9 


If, in accordance with what has been said, we except the very 
brightest magnitudes, the deviations are doubtlessiy below the uncer- 
tainties in the determination of the observed numbers of the stars. The 
somewhat irregular course of the numbers is probably due to the 


discontinuities in the density-curve as definitively adopted. 


The following table may serve to get at least some insight in the 
distribution of the stars of a determined apparent magnitude over 
the different distances. 


TABLE Ill. NUMBER OF STARS (N,) 
A 


p | m=3 

0 to 40 | 108 
410.» 30 45.5 
30 >» 50 5.5 
50 » 1000 2 


or expressed in fractions 


of the totals 


5 7 | 9 | 1 43 

863 | 4770 | 17 500 | 42 000 63 000 
779 | 8340 | 56 100 | 236 000 | 6% 000 
145 | 2350 | .3 400 | 144 000 | 543 000 
103 | 3000 | 59 900 | 835 00 | 8 188 v00 


45 


60 00 


1 030 000 
1 250 000 
56 150 CO) 
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TABLE IV. 


0to 410 0.669 | 0.457 | 0.259 | 0412 | 0.033 | 0.007 0.001 


10 >» 30 .282 42 „452 .397 .188 .066 .018 
30 >» 50 .034 .077 .127 .150 ‚145 .058 .021 
50 >» 1000 .015 ‚054 162 .382 .665 870 .960 


Summing up we find: that the total numbers of stars of different 
magnitude (Harvard scale) as derived from observation in Publications 
of the Groningen Laboratory No. 18, are well represented by 
adopting the luminosity-curve (2), with the values (4) of the constants 
and the following values of the star-density : 


TABLE V. STAR-DENSITY. 


pP A p | A 

0 1..0004(0) | 400 | 0.1254(0) 
10 0.970 200 0.444 
20 0.715 300 0.097 
30 0.460 400 0.083 
4 0.296 500 0.069 
50 0.1315 600 0.055 
60 0.130 700 0.042 
70 0.129 800 0.028 
80 0.127 900 0.014 
90 0.126 4000 0.000 


in which 4(0) =139.7. 


It would be interesting to investigate what are the changes that 
can be made in these values without their ceasing to represent the 
observed numbers satisfactorily. I bave deferred this investigation for 
the present because it will be desirable in such a discussion to 
include also the data furnished by the parallaxes. 
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Mathematics. — “On Jourdimensional nets and their sections by 
spaces.” (Second part). By Prof. P. H. ScHoUTE. 


(Communicated in the meeting of February 29, 1908). 


The net (C,). 


1. The problem to determine the section of the net (C,) with a 
given space can be naturally divided into two parts. The first part 
occupies itself with the question, how a series of spaces parallel to 
the given one interseets an eightcell; in the second is indicated, how 
the section of each of the eightcells intersected by the given space 
can be deduced from that section which determines this space in 
the eightcell assumed in the first part. Of course the four series of 
parallel spaces normal to an axis of the eightcell come here to the 
fore and then in the first part of the problem are investigated in 
the first place the so-called “transition forms’ where the intersecting 
space contains one or more vertices of the eightcell, whilst between 
each pair of transition forms adjacent to each other a single intermediary 
form is introduced, namely that one by the space which bisects the 
distance between the two spaces bearing those transition forms. 
Generally this is sufficient for our end; moreover it is not difficult 
to interpolate where necessary other intermediary forms. 

In the preceding communication of the same title we have packed 
up each of the cells C\, of the net (C,,) and each of the cells C,, 
of the net (C,,) in the smallest possible eightcell with edges parallel 
to the axes of coordinates, with the intention to connect the spacial 
sections of the nets (C,,) and (C,,) with those of the net (C,) by eutting 
with each C,, and each C,, also the case (©, enclosing these cells. 
With a view to this application we add to the above indicated 
four series of parallel intersecting spaces two others, viz. those 
normal to one of the two lines connecting the origin of coordi- 
nates with the point (3,1,1,1) and the point (2,1,1,0); indeed, 
these lines are — see the last table of the preceding communication 
— axes of one or more of the cells C\, and C,, enclosed in a cell 
C,. Also for these two new series we restriet ourselves to the forms 
of transition and the intermediate forms lying in the middle between 
two adjacent forms of transition. 

In order to simplify the survey of the sections appearing in the 
six series of parallel spaces we give the results to which the first 
part -— the determination of the section with one C, — leads in two 
different ways. In the first place we pröject all vertices, edges, faces, 
bounding bodies of the cell C, on the axis normal to each of the 
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six series of spaces to deduce the sections from this tabularly; in 
the second place we indicate the sections themselves in parallel 
perspective in the eightcell. To each of those two closely allied 
modes of transacting an extending plate is given. 

To promote the..uniformity we indicate the axes OE, OK, OF, 
ORuby their ende (4,1,1,1),- (14,1,1,0),:4, 1,0, 0), (1,0, 0,0). 
Then we have to deal successively with the six series 
Be E14 0),,15170,,0),.4015:0,.0,0:..8 1 90 
and we have now to investigate for each of those six cases the two 
parts into which the problem was above divided. 


2. Case (1,1,1,1). — This case was, as far as the first part of the 
problem is concerned, completely solved in a foregoing study (Pro- 
ceedings, Jan. 1908, page 485). Hence the first part of the first plate 
with the superscription (1,1,1,1) OE, is an extension of the first 
diagram n = 4 of the plate given then. In order to be able to indicate 
together with the projections of all bounding elements the projections 
of the vertices of these elements, which considerably promotes the 
insight into the spacial figure, the numbers of edges, faces, bounding 
bodies are denoted here outside the scheme on the righthand side. More- 
over the sections of the eightcell with the spaces of transition and 
the intermediate spaces perpendicular to the diagonal of projection 
are mentioned tabularly ; here use has been made of a method formerly 
(Verhandelingen,volume IX, n°.4) developed in all details which acquaints 
us not only with the characteristie numbers (e, k, f) of each section, 
but also with the nature of the faces. Thus the central section is a 
(6, 12, 8), because it contains 6 vertices and does not cut an edge, 
jntersects 12 faces and contains no edges, intersects 8 bounding cubes 
and contains no faces; this section is a regular octahedron in connec- 
tion with which each cube of the two quadruples of bounding bodies 
is eut according to an equilateral triangle of the same size. In this 
way the adjacent intermediary section is a (12,18, 8), because 12 
edges, 18 faces and 8 bounding cubes are intersected, viz. a tetra- 
hedron regularly truncated at the vertices, i.e. the first of the 
semi-regular Archimedian polyhedra (Proceedings, page 488) because 
four of the bounding cubes are intersected according to regular hexa- 
gons, the four remaining ones according to equilateral triangles. Here 
the number of edges is found back as half of the total number of 
sides of the faces, thus 12 as half the product of eight and three, 
18 as half the sum of four times six and four times three. Moreover, 
when indicating the polygons lying in the faces, we have underlined 
the figure of each group of regular polygons. 
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The second plate indicates the obtained sections in parellel per- 
spective. The first diagram on the top leftside, represents an eightcell 
which indieates besides the diameters normal to the different series 
of parallel interseeting spaces a few other lines appearing in the 
solution; for our case (1, 1, 1,1) to which the four following 
diagrams refer the axis EE’ is this diameter. To characterize 
this case the mark (1,1,1,1) is noted down to the right at the 


1 
bottom in the rectangle; moreover the fractions 5 placed to 


4 3 

8 8 8 
the left at the top of each diagram indicate the part of the axis 
EE’ Iying with E on the same side of the intersecting space. It is 
easy to follow in these diagrams the changes in form which each 
face of the regular octahedron forming the central section undergoes, 
when the point of intersection of the intersecting space with the axis 
OE moves from O to E. Thus the face lying in the upper cube of 
tlıe eightcell, which is at the same time the visible upper plane of 
the octahedron regarded by itself, transforms itself first into a regular 
hexagon, then into an equilateral triangle of opposite orientation, ete.; 
if the eightcell is a cn, then the sides of the triangles of the first 


and third diagrams are 2V 2, those of the hexagons and the triangles 
of the second and fourth diagrams are Y 2, whilst the series closes 
with the transition form consisting of the single vertex EZ to which 


PRIEN) 
the fraction 8 answers. 


We now arrive at the question how the remaining eightcells that 
are likewise cut by the intersecting space are intersected in each of 
the considered cases. To this end we suppose the above interseeted 
eightcell to be the central one of the netand so we assume the centre 
of this cell to be the origin of the system of coordinates with respect 
to which we have determined in the first communication the coordinates 
of the centres of the remaining cells in the symbolie form (2a;). The 
equation of the central space perpendicular to the axis OB, towards 
ihe point (1,1,1,1) s +, +,+2,=0; the length of the 
normal let down out of the centre (2a) on to this space is there- 
fore &a;. So the eightcell with the centre (2a;) is cut by the central 
space 22;—=0, when —2< Za;<2, and here the five cases occur 
where 3a; has one of the values — 2, —1, 0,1,2. In other words: 


if with the central cell the central section = makes its appearance, 


then with the remaining cells the sections d 2 


Fr ar} 5 oceur and 
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0 Sl 
no others. The sections = andın being points and therefore not under 


consideration, we find as section of the net (C,) a threedimensional 
space-filling consisting of two groundforms, octahedron and tetra- 
hedron, where the :tetrahedron occeurs in two positions of opposite 
orientation. From a close consideration of this result follows now 
that the fractional symbols of the intersected cells furnish in general 
differences of multiples of quarters with that of the central cell and 


Ye er 
are thus represented by Fran when the symbol of the central 


3 1 
cell is 8 or e* We find then again a threedimensional space-filling 


eonsisting of two groundforms each of which appearing in two 
oppositely orientated positions, the first semi-regular Archimedian 
body and the tetrahedron. As we arrive again at eightcell and 


er 
tetrahedron when starting from the section 8 of the central cell, the 


above-mentioned two cases are for this series the only ones where 
the threedimensional space-filling consists of two groundforms. In 
every other case — as e. g. the one answering to the fractions 
ee ee 
16° 16° 16’ 16 
we recommend the designing of the just mentioned quadruplet of 
sections as a good practice. 

If we exchange the infinite system of cells (9 by a finite block 


we find four different groundforms and never more; 


of A* cells (X2 forming together a (1, if we divide a diagonal of 


this block into eight equal parts and if we suppose the block to be 
intersected by a space standing in one of the points of division perpen- 
dieular to the diagonal, we then find according to circumstances 
either a finite system of octahedra O®V?) and tetrahedra 71V? with 
edges 2Y 2, or a finite system of Archimedian bodies AY?2) and 
tetrahedra 71Y2) with edges Y 2, enclosed in an octahedron, a tetra- 
hedron or an Archimedian body of greater size, viz., in the section 
of the block (12% with the intersecting space. In connection with 


the notes joined to the pages 15, 16 and 24 of the study “On the 
sections of a block of eighteells, etc.” (Verhandelingen, volume IX, 
n° 7) we here indicate how large in each of those cases the number 
of the component parts O@rd, Av?, Tev?, TW® is. We restriet 
ourselves here to mentioning the results and we only remind the readers 
that the deduction of these are based on the actual connection 


| 
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between the coefficients of the different powers of z in the development 
of Ad+2+2+...-+ 2%: and the numbers of cells CD of the 


block C® which agree with each other in projection on a diagonal. 
In the following table of results we have separated from one another 


the three cases leading to sections „o@ UV), - = er 


and the two cases leading to sections om = 103 = An, 


Moreover, the two positions of opposite orientation appearing for 
T and A are distinguished from each other as en sand Auer, 
and then those parts 7’YW2 and AY® get the same foot-index which 
answer not only as regards volume but also as regards position of 
jJuncture to the relation 
AvD +4 Twa— Ted, 

whilst this index is a p (positive) for 7’'2Y®2 when this tetrahedron 
agrees in position to 72?) and A@4Y?), and can be taken arbitra- 
rily in the third case 0:22), where the two amounts are indeed 
equal. 

In this table the symbols (& + 2),, ete. represent binomial coeffi- 
cients. The coming to the fore of the numerical factor 23 is 
connected with the relation holding only for the volume 

ArD—23 Tr?, 
which ensues immediately from the one given above. It forms part of 
0av2) Aw» Tan) Twa 
ur ee Wi We 
of which we have availed ourselves when arranging the preceding 
table, either as an aid in the calculation or as control. 

The cases (1,1,1,0), (1,1, 0, 0), (1,0, 0, 0). — These three cases are 
so much simpler than the preceding one, that we can treat them 
collectively, now that the application of the results appearing here to 
the nets (C\,) and (C,,) make a short treatment necessary. The pro- 
jeetion of the bounding elements on the corresponding axes OK, OF, 
OR are immediately found; in order to take into account the duality, 
appearing on one hand between OE and OR and on the other hand 
between OK and OF, the projeetions on OR are placed on the 
first plate next to those on OE, whilst the projections on OK and 
OF find a place there side by side. A single glance given to these 
diagrams already arouses the conviction that the sections in the direc- 
tion of DE over OK and OF to OR must keep on becoming sim. 
pler. That this is really the case — and for what reason — is 

44 
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clearly evident from the second plate, giving the sections for the cases 
OK and OF. As is shown in the three diagrams with the fractional 


symbols a = : belonging to OK here one of the dimensions of the 
section, viz. the dimension in the direction of the edge with X as 
centre, is of constant length, by which the sections become prisms 
with a height 2, namely an hexagonal prism HW?, a triangular 
prism PV2) and a triangular prism PW®; with these symbols H 
and P the indices Y2 and 2Y 2 indicate the length of the sides of 
the bases. As a matter of fact we can now assert that with these 
prisms of which the endplanes are the determining variable elements, 
the problem of the intersection has lost a diınension; for, in 
order to determine the prism we have only to ask how the ground- 
cube is intersected by a plane perpendicular to a diagonal of this 
bounding body of the eighteell, i. 0. w. the problem has become 
threedimensional. In the same way we find in case OF rectangular 
prisms of which two dimensions remain constant, which has been 


indicated for the section of transition 1 and the intermediary sec- 


tion 2’ whilst the section in case OR is an invariable cube, which 


is of course not designed. 

It is almost superfluous to stop for the two space-fillings of case OK, 
that by ZW?) and PY?2) together and that by P?Y2) alone, as they 
appear indeed as well-known plane-fillings. We suffice by giving 
the following relations: 


Pa+)v? — (k+2), he + (+1), HY3+ (k), all 


HE DV2 = 6(c+1), PO» + B®+3641) HWD -E 6(k+1), pw 


Bee) 2 + (k), PW® 
Hwa) — 3K2 lie, + 3k? Pw» 


4. Case (3,1,1,1).— If the vertex A of the eighteell Ci, —jsee 
first N , of second plate — is point (1,1,1,1) then the point 
(1, gr gr =) is obtained by dividing the inner diagonal AB of 
the eube Iying in the space x, =1 into three equal parts and then 


to take the first point of division (''). The line OC is for this ease 


!) By mistake in the diagram for AC has been taken „AR instead of 5 AB. 
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the axis upon which we must project to determine the projsction 
of the bounding elements. Now it is clear that the projection of the 
cube with AB as a diagonal is obtained by projecting first this 
bounding body on the projection AB of the axis OC on its space 
2, =1 which furnishes- with regard to the vertices the stratification 
1, 3, 3, 1 and by determining then the projeetion on OC of these 
new points Iying on AB. Now, angle BOC is a right one, for aut 
15 
er 3) of Band 
C follows immediately OB? +00 = B(C*. So B projects itself on 
OC in O and so this of course is also the case with the vertex 
(—1,1,1,1) of the eightcell lying opposite B. So we find — see 
the first plate under head (3, 1, 1, 1) C,— the stratification of 
the 16 vertices by causing the group of points 1, 3, 3, 1 laid 
upon the axis of projection at equal intervals to be followed by 
a second group of the same structure in such a way that the first 
1 of this second group coincides with the last 1 of the first group. 
It is from this that this projeetion has its type, as is indicated at 
the foot. One really finds without any difficulty all that is given on 
the scheme by representing to oneself the two bounding cubes indi- 
cated in the typical image —- here Iying in the spacs »—=+1— 
and to suppose that their corresponding vertices, edges, faces are 
united by edges, faces and bounding bodies. 

If again we do not take the isolated point A into consideration, 
then we have to deal here with six different forms of the section, three 
intermediary forms and three forms of transition ; these are given with 

5 1 
on the second plate. We shall indicate somewhat in details how 
these diagrams are deduced by drawing, independently ofthe results 
of the first plate, and to this end we immediately notice that the space 
through 4 perpendicular to OC is represenfed by 32,+2,+2,+2, = 6 
and that this space after a slight parallel displacement to () truncates 
from the edges of the eightcell passing through A segments which 
are in the ratio to each other of 1:3:3:3. If now the edge AB’ 
drawn horizontally is parallel t0 OX,, we begin to set off, in order 
to obtain the first intermediary form, on the other edges through 
A — see the last of the six diagrams — segments AP,, AP, ,AF, 
to the length of half the edge, i. e. of the unit, on the edge AB‘. 


a segment AP, with a length of a third of the unit, which causes 


of the eoordinates (1,—1,— 1,—1) and (1 . 


the addition of the corresponding fractional symbols 


6 
the tetrahedron P,P,P,P, corresponding to the symbol to be gene- 
44* 
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rated. The space x, —=1 contains of this tetrahedron the equiläteral 
triangle P,P,P, with the side V’2; the other faces P.B:DwADis 
P,P,P, \ying in the spaces ,=1,,=1,..,= 1 are isosceles 


1 ar 
triangles with basis V2 and sides Zi So this section is not & 


regular tetrahedron but a regular triangular pyramid, of which the 
perpendicular let down out of the vertex 7’, on to the groundplane 
P,P,P, is an axis with the period three; because the foot of 
this perpendicular lies on the diagonal AB of the right cube at a 
distance from A forming a sixth part of AB and as AP, is likewise 
a sixth of AB’ this axis is parallel to the diagonal BB’ of the eight- 
cell. It is now easy to deduce the changes of the section following 
from the displacement of the intersecting space by investigating 
either the parallel displacement of the edges of the section over the 
faces of the eightcell or the parallel displacement of the faces of the 
section through the bounding cubes of the eightcell. If the intersecting 
space has removed itself as far as double the distance from A, then 
— as is evident from both considerations — the tetrahedron of 
intersection has simply been multiplied by two from A. Passing on 


2 
from this section 13 it seems preferable to watch more closely the 
edges. If the edges P,P, and P,P, of the section ei have arrived 


: ik A 3 
in the positions P,P, and P,’P, of the section 19 when the inter- 


secting space has come at the threefold distance from the starting 
point A, it is sufficiently evident that the connection of the points P,P,’ 
must furnish a new edge. So we see gradually how the entire 


Se 
rhombohedron forming the section 15 develops itself. We yet point 


to the fact that the section. in each position of the intersecting 
space during its parallel motion has an axis with period three, 
parallel to the diagonal B5’ and at last passing into this line. 
Indeed, the diagonal AB of the bounding cube lying in space | 
being an axis of revolution with the period three for that cube, so the 
plane through AB and. AB’ is a “plane of revolution” with the 
period three for the eightcell. As now the moving intersecting space 
is and remains normal to the line )C Iying in this plane — see 
the first of the 20 diagrams — the line of interseetion of this plane 
with the intersecting Space, which line is of course normal to OC, 
must be an axis with the period three for the section. As was found 
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already above the line OB is really normal to OC and so the obtained 
axis is parallel t0 OB. Because the plane through AB and B’ contains 
the perpendieulars OC' and OR out of O on to the intersecting 
space and the space x, =1 of tbe righthand cube, each line of it and 
therefore also OB must be normal to the plane determined by the 
intersecting space in the space «, =1; so if we move the intersecting 


rhombohedron forming the central section, and then moving in the 
direction of the edge B’A through the eightcell, is truncated normal 
to the axis by the plane determined in the space of that right cube. 
In fact, in the above mentioned paper ( Verhandelingen, vol. IX, n°. 7) 
has been found that the section is always a rhombohedron or a truncated 
rhombohedron when the interseeting space is normal to a plane 
through two opposite edges, which is here the case, as the plane 
through AB and BD’ contains the edge AB’ and the opposite edge. 

We now indicate the body corresponding to the fractional symbol 
2 by D„, where n can take one of the values 1,2,...,11,12 and 
D,„ and Die. represent the two oppositely orientated positions of a 
selfsame body, with a view to then investigating which of those parts 
make their appearance when the net (C,) is cut by the central space 
32, +2,42 +80. From the distances of the points with the 
coordinates (2a;), forming the system of centres of the net, follows 
immediately that the parts D,, D,, D,, D,, D,, appear together and 
that thus the corresponding threedimensional space-filling consists 
of three -— and if we notice the orientation even of five — different 
groundforms. Now, as we know, the form D, alone already is able 
to fill the space and so this is also the case with the forms D, and 
D, and the forms D, and D,, together. What is more, from the 
condition that in the obtained space-tilling with the three or five 
different groundforms the face of one of those forms must continue 
itsel' in faces of the surrounding forms, follows immediately that 
beside each D, must lie a completing D,, beside each D, a completing 
D,, and that recomposition of those parts completing each other to a 
D, must lead to a net of rhombohedra D,. We really cause this net 
of rhombohedra to be generated in a simpler way if, before cutting 
the net (C,) by the assumed space, we suppose the series of the 
spaces &, — 2a, +1 to have disappeared, a thing to which the use 
of the plane of projection through the two edges, here AB’ and the 
opposite one, has led us involuntarily in the paper quoted last. By 
this the net (C,) transforms itself into a threefold infinite net of an 
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infinite series of reetangular prisms which have a cube with the edge 
two as basis, and the section of this net of prisms is exactly the net 
of rhombohedra. That the sections which, when the intersecting space 
has an arbitrary position, are quite irregular parallelopipeda, here 
become rhombohedra is the result of the fact that the intersecting 
space forms with each of the three spaces #3, —0, , —0, ,= 0 


1 
equal angles, angles with a cosine of the value au». Out of the 


6 
diagram with the symbol 15 it is furtbermore evident that tbe ends 


BB’ of the axis of this rhombohedron lie in two consecutive spaces 
©, —=2a, +1 and that the distance of the parallel spaces of inter- 
section of the intersecting space with these spaces, which spaces 
cut the net of rhombohedra in the intersecting space into pieces, 
must amount to 4. This tallies; for the angle between the spaces 


1 
322, +, +; +%,=0 and x, =0 has 5, YV3 as cosine and there- 


1 1 
fore — as sine, so that the distance of the planes must be 2: > 


From the preceding follows now likewise that the section with 
the space 3a, +2, +2, +2, =1 furnishes a space-filling consisting 
of the parts D,, D,, D, D,, D,, D,, ; Of course also this space-filling 
consisting of three groundforms each of which appearing in two 
opposite positions can be obtained by cutting up a net of rhombo- 
hedra. It is also clear that by taking an intermediary position of 
the space of intersection we are led to six quite different ground- 
forms, which can be indicated by D,, D,y.... D,., Or in opposite 
orientation by Diy, Dip +» Diis- 

By cutting a block of &* cells C, instead of a fourfold infinite net 
(C,) we can also deduce how one of the forms D%) of k-times greater 


linear size can be built up out of the above mentioned segments 
D,. We avoid this not to become too longwinded. 

5. Case (2,1,1,0). — When treating the case (1,1,1, 0) we have 
seen that the appearance of nought in the symbol causes prisms to 
be found with the constant height 2, by which the fourdimensional 
problem is reduced to a threedimensional one. Thus we are placed 
before the consideration of the section (2, 1, 1) of the net of cubes 
which in various respects for the threedimensional space forms the 
analogon of that of the section (3, 1, 1, 1) in Sp.: 

If we suppose that the space, in which the section (2, 1,1) is to be 
taken, contains the upper cube of the eightcell and the vertex P— see 
the first of the 20 diagrams — is taken as origin of a rectangular 


Plate I. 
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system of coordinates with the edges passing through this point as 
axes, the edge PQ as axis corresponding to the figure 2 of(2,1,1), 
then the centre F’ of the upper plane of that eube is the point 
(2,1,1) and PF’ is thereföre the axis normal to the series of intersecting 
planes '). Now it follows from the rectangle APQE with the sides 
AE=2, AP=2Y2, that AQ is normal to PF’ and that the points 
A and @ project themselves on PF’ in the same point. Thus we 
find the projection of the eight vertices of the cube under considera- 
tion on PF’ by plaeing the projeetions (1, 2, 1) of the faces with 
PA and QE as diagonals so side by side that the last 1 of the 
first coincides with the first 1 of the last, by which the stratification 
1, 2, 2, 2, 1 is arrived at, which, with a view to upper and lower 
cube, passes by doubling into 2, 4, 4, 4, 2. From this ensue then 
the results given on the first plate. If we now — returning to the 
second plate -- set off on the three edges of the cube passing through 
P, in the assumed supposition that PQ agrees with the 2 0f (2,1, 1), 
from P segments E 1, 1 then — see the last diagram — the triangle 
P,P,P, appears forming the upper plane of the triangular prism cor- 
responding to the fraction „ and out of this the sections = S Sare de- 
veloped in the same way as was pointed out above. Of triangle 
P,P,P, the line connecting P, with the middle of P,P, is an axis 
with the period two, or to express it more simply a line of symmetry, 
and this line is parallel to the diagonal AQ of the first diagram. In 
each position of the intersecting plane {he section has the line of 
intersection of this plane with the plane APQE as line of symme- 
try; in connection with this the lozenge, unmutilated for the case 


“ 1 
a which when following the reverse way to the case 7 moves pa- 


rallel to itself through the cube in such a way that the vertex Q 
deseribes the edge QP, is cut by the groundplane of the cube accord- 
ing to a perpendicular on the line of symmetry. If we imagine in 
the chosen space of the upper cube of the eightcell the threefold 
net of cubes and if we remove before passing to the intersection by 
the series of parallel planes the partitions parallel’ to the endplanes, 
we obtain in the intersecting plane a net of lozenges which are cut 
by the removed partitions into segments of the found form, etc. 

In the ensuing parts we shall pass on to the intersection of the 
nets (C/,) and (C,,). 

1) It is really inaccurate to speak of an upper plane of the upper cube; of 
course the plane is meant, which appears in the diagram as upper plane to the eye. 
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Mathematics. — ‘Some constructions deduced from the motion of 
a plane system.” By Prof. J. CARDINAAL. 


(Communicated in the meeting of February 26, 1908.) 


1. We precede two wellknown principles of motion. 

a. Let the motion be generated by rolling a curve (, (body centrode) 
with which the system S is connected over a curve (,’ (space centrode). 
VAR ie are moving points of S and «,ß,y.... the centres 
of curvature of the orbits which they describe at a certain ınoment 
there exists between the system S and the system ,ß,y....(2) a 
quadratic correspondence and such that if @«,ß,y... were moving 
points A, B,C... would be the centres of curvature of their orbits. 
The conies of ‚S corresponding to the right lines of & touch the 
tangent of body centrode and space centrode in the pole and oseulate 
each other. The infleetional cirecle belongs to it. The reverse theorem 
is easy to deduce. 

b. Let P be the pole (fig. 1), 
A IT the infleetional pole (common 
Fig point of the tangents in the inflec- 
3 tional points) ; so the inflectional 
cirle iss known. Let A be a 
moving point, then « is determined 
6) as follows: Draw A/ and AP; 
determine the point of intersection 
Q of AI with the normal through 
P on AP. Draw out of Q the 
parallel to /P, which cuts Pina. 
2. Application to the elliptie 
motion fig. 2). Let AB (Ü) be the 
right line gliding with its points 
A and B along the rectangular 
axes IX and /Y and let the 
demand be to construct the conie 2° 
corresponding to /. 

The eircumseribed eircle (M) of A ABI is the infleetional eirele ; 
Ps also directly known; the centre of curvature belonging to a 
point of AB can be constructed according to (1b) and so each 
point of 4° can be determined. However, some points of 2? are 
immediately known. The centre M of AB describes a cirele having 
] as centre, the centres of curvature « and ß belonging to Aand B 
lie at infinite distance in the direetions ZB and /A; 4 furthermore 
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touches circle (M) in P; so 4° is an equilateral byperbola passing 
through / with directions of asymptotes /B and /A and touching 
eircle (M) in P. 

The centre C of 3? ean be determined in the following manner. 


We suppose 2° to be constructed by means of tie projective pencils 
formed by vays parallel to /X and /Y. If the two points united in 
the point of contact P were separated tlıen the two pairs of parallel 
rays through these points would determine two points A, and A, on 
IX and two points B, and B, on /Y and the centre would be the 
point of intersection of A, B, and A, B,. It is true A, and A, coin- 
eide in A, and B, and B, in B; but from the preceding follows 
that the centre C lies on AB. If in P we draw the tangent to 4° 
perpendieular to the normal PI, then a point of each asymptote lies 
at equal distance from P. So we measure PT, = PT‘, and we draw 
T,C'/JIX, T,C'/IY; C’ would be the centre of 2° if C’ were situated 
on AB. However, out of the figure is evident that (C” lies on a right line 
symmetrie to 7,7, with respect to PA, and therefore perpendieular 
to AB. So the centre (of A, is the footpoint of the normal let 
down out of P on AB. 

If we consider different positions of AB and if we construct the 
successive positions of the point C, then the locus is an astroid on 
the axes JA and /B. The hyperbola 4’ keeps touching the inva- 
riable eirele with 7P as radius; so the astroid is the locus of the 
centres of the equilateral hyperbolae with asymptote directions 7A 
and IB passing through / and touching the last-mentioned circle. 

The two diameters IA and IB of circle / form with the right 
line at infinity a polar triangle of the circle; so the points (’ have 
the signification of poles of one of the sides of that polar triangle. 
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It is to be proved that the locus of the poles of the two otber sides 
with respect to 4* is likewise the astroid just found. To that end 
we construct the pole of /A. 

If we take as centres of the projective pencils of rays generating 
3° point / and the point of /X at infinity, then on account of the 
former reasoning the pole of /X lies on the parallel through 5 to 
IP; at the same time this pole lies on a parallel drawn through (to 
IX; so the point of intersection D of the latter right lines is the 
demanded pole.. As D is symmetric to C with respect to /), it 
also belongs to the astroid. In the same way we can prove that 
the pole of /Y is likewise a point of the astroid. 

By projective transformation the above problem can be put as 
follows : 

Given a conie and a polar triangle of it. To determine the locus 
of the poles of the sides of that triangle with respect to the system 
of conies passing through the vertices and touching the orginal conie. 

If we regard this as a problem by itself we arrive at the following 
algebraic solution: 

Take the polar triangle as triangle of coordinates; then for the equation 
of the given conie can be written: 


G,8,/ Fa, 4 a0, —U, 000 DE 
and for that of the conie described about that polar triangle: 
Pre, HP, PURE Ra 
lf we introduce the condition that (2) touches (1) then Ahe coeffi- 
cients of the latter satisfy the relation: 
(apı" + 4,9," + a,P,°)" — 27a, a,a,p ’Pp,’Ppr”- 
The pole of one of the fundamental sides, e.g. of z,=0, is found 


by substitution of 
@ u 
Pn=—-n— P, = —p,- 
I; 


7, 


By this the equation of the locus of these poles becomes: 
(a2, +0,20, + a,2,’)’ = 27a a,0,0,'2,’0,° , 


which can also be written in the form: 


[57 


1 


BE a, ==), 


2 1 
3 ® 


| 


1 
£ £ 
um 4a, 8, 
We recognize in this the form ofthe astroid on oblique eoordinates; 
the curve itself is a projective transformation of the common astroid. 
The locus of the poles of the other sides gives the same result. 
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3. Application to the cardioid motion, Let AC' be the riglıt line 
Fig.z 


l, which passing through the fixed 
point C of cirele (O) glides with one 
of its points A along the eireumfer- 
ence; let now too the demand be to 
construct the conie A? corresponding 
to / (fig. 3). 

Circle (0) is the cuspidal eirele; 
the pole P lies diametrically opposite 
to A and the inflectional eircle (M) 
is synımetrice to (OÖ) with respect to 
the tangent in P. Now 2°, too, is to 
be constructed according to the preced- 
ing point by point; this takes place 
in the following way: 

Let D be a point of /, draw DP 
and D/; the normal in P on DP intersects D/ in Q, the parallel 
to PI out of Q interseets DP in d. 

Just as with the elliptic motion we can again construct some par- 
tieular points. If we apply the general construction to point (, it is 
evident that y lies halfway CP; O is evidently a point of A? and $ 
is the centre of eurvature of the point at infinity on /; so the conie 
2” passes through y, ©, ®, and osculates circle (0) in P. 

Whilst thus the construction of 2? offers no diffieulties, the gene- 
rated system of conies is more intricate than the preceding. 

Some properties are to be found geometrically ; thus it is soon 
evident that the system contains two parabolae. 

For a parabola is necessary that AC' be a tangent to the inflectional 
eirele (M). Let us imagine the two touching eircles (O) and (M) 
and if we draw from the endpoint A of the common diameter the 
tangents to circle (M), we see that we can give two positions to 
(M) so that one of the tangents passes through C, so there are two 
parabolae belonging to the system. From the figure is evident: 

1 


ur? 


From this ensues: For all values of / ACO, which are lying between 
1 ua 
the values $ = sin”! e on one side as well as on the other of CO, 


4° becomes a lIıyperbola, for all values outside those limits 2° be- 
comes an ellipse, the transition between the ellipses and the hyper- 
bolae is formed by two parabolae. 

The locus of the centres of this system of conics does not become 
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a simple curve. Simpler are the loci of the poles of the diameter 
OB, and the normal directed on to it 
out of 0 which we can take as axes 
for the caleculation. 

Let therefore (fig. 4) Oß be the 
X-axis, the. normal OY on it the 
Y-axis, then we find the equation of 
4° as follows: 

Lt 0Ad=u ZADB—spin 
/ AOB=2y. As 3° passes through 
OÖ, 8 and touches eirele (0) in P, its 
equation can be written: 


ylz cos 2p + ysin2p + a) + m (y—atg2y)(y—agptatıy)=0; 


the coefficient m is determined by the condition that the point 
v(— a 008’ p, — acospsinYy) lies on 4°. By substitution of the coor- 
dinates of y for x and y and after reduction we get: 


m — 003 p cos Zp sin P 
and the equation of A’ becomes: 
sin? p sin Up . =” + (cos 2p — cos ıp sin p sin 2p — sin’ p cos 2y) xy + 
(sin 2p + cos psin yp cos2y) y?’ + a(! + sin’ p cos 2y) y—asin? y sin2yp.z — 0 
or shorter: 
2 sin’ p.@” + cos p (4 cos? p—3) ay + 
sin p (3—2 sin? p) y’—2a sin’ p.a+acoey(3 -2 co’ y)y— 0 
The three derivatives become: 
4sin’y.a+csy(ko®y—3)y—2asny—=0. . . (l) 

cos P(4 008? p—3) «+2 sin (3 —2 sin’ y)y+acosy (3—2 cos’ y) — 0. (2) 

2in’ 9.2 op — aut y)y—=0. . . ....6) 

If we eliminate out of these equations two by two the value 9%, 
we get the three loci. 

Finally we shall deduce the simplest of these loci, namely the 
locus of the poles of the axis OX which is obtained by eliminating 
p out of (1) and (3). 

From (1) and (3) we deduce by subtraction the following two 
simpler equations : 
3.4 008.5 22a DR ET (4) 
zn y.2r— ey —2uoty)y—=0; . .. . (5) 
after substitution of the value sin’ Y out ot (4) into (5) we find: 
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3 (a—®) 
IE 


c08? zZ 


and from this finally for the locus 
27 Pla —- 0)= (dx — a); 


so this is a cissoid, whose cusp lies at a distance =: ai from 


point O and whose asymptote passes through Pf. 


OBSERVATION. The systems of conies treated in these two 
cases are simply infinite systems, where more than one conic pass 
through a point and more than one conie touches a right line; so 
they are distinguished from the ordinary pencils and the tangential ones. 

Thus for the first mentioned system six conies pass through a 
point and twelve conics touch a right line. 


Astronomy. — “On the masses and elements of Jupiter’s Satellites, 
and the mass of the system”, by Dr. W. ps Sırter. (Commu- 
nicated by Prof. J. C. KaAPTEyn). 


(Communicated in the meeting of February 29, 1908). 


The determination of the elements and masses of the satellites of 
Jupiter and of the mass and the dynaınical compression of the planet, 
which is communicated in the following pages, is based almost exelu- 
sively on heliometrie and photographie observations made at the obser- 
vatories at the Cape of Good Hope, Pulkowa and Helsingfors, in the 
years 1891 to 1904. 

In addition to these I have also included in the discussion the 
observations made by Besser with the heliometer at. Königsberg in 
1832 to 1839, and the values of the node of the second and the 
perijove of the fourth satellite in 1750.0 (for which DerAamsrr’s values 
were adopted). These latter have however, as will appear later on, 
only a very slight effect on the final results. The determination of 
all masses and elements is thus practically independent of observations 
of eclipses. 

Previous to 1891 no series of observations of the satellites except 
of the eclipses had been made with the purpose of determining the 
elements of the orbits. Such series of observations as had been executed 
in the first half of the nineteenth century by Besser, Aıry and others, 
were avowedly intended only to determine the mass of Jupiter. 
Accordingly the satellites were by these astronomers, so far as possible, 
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observed only near elongation. The series of observations made by GILL 
at the Cape in 1891, and the series of photographs taken in the same 
year by Donssr (on the suggestion of BACKLUND) and continued by him 
and by Kostinsky to 1898, are the first series of observations of the 
satellites in every point of their orbits. The discussion of the Cape 
observations of 1891 by me then suggested the desirability of further 
observations, which were executed by Cookson with the Cape helio- 
meter in 1901 and 1902, while photographie observations were made 
at the Cape in 1902, 1903 and 1904. 


It will be condueive to a good understanding of what follows if 
collect here at once all the notations used. 

The theory, which was compared with the observations, is 
Sovisuart’s'). This theory gives the longitudes and latitudes of the 
satellites, referred to the plane of Jupiter’s orbit of 1850:0. As I 
have explained in Cape XII. 3°) page 96, the orbit of 1900:0 has 
been used in its place. 

The radii-vectores and the longitudes of the satellites in their 
orbits are given by the formulas: 

nZ=4a @i 
v—=b-+ 9 + inequalities 
kz=nt-+e. 

We have the rigorous equations: 

8 —38,+2 e = 130° 
nn —-3n+2n,=0. 

1) Theorie analytique des mouvements des satellites de Jupiter, par M. SOUILLART 
Memoirs R. A. S. XLV, 1880. 

Theorie analytique des mouvements des salellites de Jupiter, seconde partie, 
par M. SOUILLART, Me&moires des savants &trangers, XXX, 1887. 
us Annals of the Royal Observatory at the Cape of Good Hope, under the 
direction of Sir Davıp Gıur, K. C. B. Volume XII: 

Part I. (Not published). 

Part Il. Determination of the mass af Jupiter and orbits of the satellites 

by Bryan Cooxson M. A. (1906). 

Part Ill. A determination of the inclinations and nodes of ihe orbits of 

Jupiter’s satellites, by Dr. W. ne Sırrer. (1906). 
Part IV. Determination of ihe elements of the orbits of Jupiter’s satellites 
by Bryan Cooxson. (1907). N 

The titles of these papers, which I shall often have to quote, are referred to 

by the abbreviations used in the text above. I shall also often quote: 
‚Publications of the Astronomical ‚Laboratory «at Groningen, N’. 17. On the 

Libration of the three inner satellites of Jupiter, by W. ve Sırrer, Sc. D (1907) 

which is referred to as: Gron. Publ. 17. 2 302 Pe 
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The quantities 9; are the libration, which is determined by the 


formulas: 


—t 
ar 2). 150 eksin = — ksin B(t—t,) 


Peer = 0Q, —- 30 420: 


The quantities Q; (and therefore 8° and 7’) depend on the masses, 
and have been given in Gron. Publ. 17, Art. 18, up to terms of 
the third order. 

The inequalities can be divided into three groups, according to 
their periods, of wbich the first group may be divided into three 
subdivisions. These are: 


la. Equations of the centre. The oseulating excentrieities and 


perijoves — exeluding their periodie perturbations (which are taken 
into account separately as inequalities of the longitudes and radii- 
vectores) — are determined by the formulas: 


h,=2E sn 2; =?22jTjejsino; 
k; = 2E;o0s 2; —= 22, Tjj ej cos oj. 

Here e& and ©; are the own excentricities and perijoves of the four 
satellites. The angles ®&; vary proportionally to the time, and the 
coefficients rj depend on the masses, t;; being unity. We have then 

dv; = — cool; ; + sinl; ki 
do; = — $ sın 1° (sin ; hi + cos |; ki). 

The squares of E are negligible, except for the fourth satellite. 
The corresponding term is mentioned under /ec. 

Ib. The great inequalities. These arise (as perturbations in A;and X;) 
through the commensurability of the mean motions of the three 
inner satellites. They are: 


dv, = a, sin &(l,—1,) dog, = — }sin1’w, cos 2(l, —I,) 
dv, = — w, sin (L—I,) 0d,= YHeinl’«, os (l,—lI,) 
"v,= —a,sn(,—l)) dya= %esinl’a, oo (l,—|,) 


Je. Miner inequalities of short periods. 'The periods of all the 
inequalities of group / are short (not exceeding 17 days). 


IT. Inequalities arising through the commensurability of the mean 
motions, and having periods between 400 and 500 days. These only 
exist for the satellites /, // and ///. In the radii-vectores they are 
negligible. Their expressions are: 
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dv; = Zj%jsinpj 
p—=l,—2l, + vi. 
The coeffieients %;; are proportional to e;, and also depend on the 
masses. 


IIT. Inequalities with very long periods (exceeding 12 years). 
These also are negligible in the radii-vectores. 


The latitudes of the satellites over the plane of Jupiter’s orbit are 

given by the formula: 
si —= I; sin (vi —N;). 

The incelinations and nodes!) are in SovisLart’s theory determined 
by the formulas: 

I; sin N; = 3; 0, yjsin6; + wiosin@ + periodie terms 
1; cos N = 23,0; j cos 0; + wiw cos 6 + periodie terms 

Mr. Cooksox and I have in all our work on the satellites referred 
the latitudes to a fundamental plane, which is defined by its ineli- 
nation and node referred to the ecliptic and mean equinox of date. 
For these Marru’s values have been adopted, which are for 1900.0: 

I=%93"94 N = 336° 21' 28",4 

The longitude of the node of this plane on LEvERRIER’s orbit of 

‚Jupiter, counted in the orbit, and the inclination on that orbit are: 
6, = 315° 25'48'"4. w, = 3° 4 4".75. 

The longitude of the node of the orbital plane on the fundamental 

plane, counted ın the fundamental plane, is therefore 
6, = 135° 24' 34".3. 

The longitudes in the fundamental plane have been counted from 
the point ©, of which the longitude is?) 

0=135°.27'.2".5: 

If the inclination and descending node of the fundamental plane on 
the orbit of 1850.0 are represented by w, and yı,, (thus y, —= 4, + 180°) 
and if the longitudes of the nodes SL. are reckoned from this descending 
node, we have: 

p = —Uüsn = — Isin (N; —w,) 
= iosfi—= Tics(N—W,) + w, 
from which 
p=>j6jyjsin(w—0;) + mw sin (W,—6) + periodie terms 
= 2,05 Yjc008 (p,—0;) + uw cos (W,—6) + w, + periodie terms. 
!) By node I always mean ascending node, unless otherwise stated. 


>) Marru evidently intended to adopt O=#\,. Probably he has applied the cor- 
rection, needed to derive -' from #-+ 180°, with the wrong sign. 
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Here y: and #; are the own inclinations and nodes. The angles 
6; vary proportionally with the time and the coefficients 0; depend 
on the masses. We have again 0; —=1. w and @ are the inclination 
and node of the mean-equator of the planet on the orbital plane 
for 1900.0. In the diseussions we have used the abbreviations : 

©, = — osin(W, — 0) 
%=—wco(p, — 0) — w.- 

x, and y, thus determine the position of the equator. The adopted 
fundamental plane nearly co-incides with the equator, and the node 
w, has nearly the theoretical. motion of the node @.') The angle 
Y,— 6 is therefore constant and very nearly equal to 180°. 

In Gron, Publ. 17, Chapter IV, I have given the quantities@;, ß*, Ty e 


dd; dö: ; 
— Li, %j, Oi, Mi, Er as functions of the masses, or rather, as func- 


dt 
tions of the small quantities « and »,;, which are defined by 
Jb: — 0.0219087 (+) (b = 1 for d = 39".0) 
— 0.0000 0000 530042 (1 + x) (astronomical units). 
“—=x-+ 0.055 
m, — 0.0000 40 (1 4 »,) m, — 9.0000 80 (1-+»,) 
m, — 0.0000 22(1+ »,) m, — 0.0000 424 751 (1 + »,). 


Of x, v, and v, only the first power was kept, of v, and v, all 
powers, which could be derived from SouiLLArT’s formulas were 
taken into account. f 

For the reciprocal of the mass of the system the value 

M — 1047.40. 
was adopted. 

The data to be derived from the observations can be divided into 
three groups. 

4A. The inclinations and nodes, represented by the quantities » 
and g;, i.e. the quantities determining the latitudes. 

B. The data determining the longitudes and radii-vectores. These 
are the mean longitudes, the equations of the centre and the coeffi- 
cients of the great inequalities of the three inner satellites (4, h;, A;, z:) 

C. The mean distances a;. | 

A. In determining the elements from eclipse-observations, the 
elements of group B are derived from the observed epochs of the 
middle of: the eclipse, those of group A from the duration of the 


1) The motion of 4, actually used by Marru is not exactly the Iheoretical 
motion of 5. The difference is however negligible. 


45 
Proceedings Royal Acad. Amsterdam. Vol. X. 
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eclipse. This duration depends not only on those elements, but as 
well on the form of the shadow-cone, i.e. on the geometrical com- 
pression of the planet. This latter not being known with sufficient 
accuracy, it is impossible to determine the latitudes from observations 
of eclipses. The elements of the first group must therefore be derived 
exclusively from heliometric or photographic extra-eclipse-observations 
of the satellifes. 

B. For the determination of tbe elements of group B, however, 
the eclipses are very valuable. One eclipse-observation, which is a 
determination of time, provides a much more accurate determination 
of the longitude of the satellite than one extra-eclipse-observation. On 
the other hand the latter can be repeated as often as the weather 
and the available time of the observer permit, while eclipses only 
oceur in a limited number. Another advantage of eclipse-obser- 
vations is that their aceuracy is independent of the distance of 
Jupiter from the earth, while the accuracy of extra-eclipse-observa- 
tions is inversely proportional to that distance. Extra-eclipse-obser- 
vations are thus generally combined in series extending over a few 
months on both sides of the epoch of opposition. It must not be 
forgotten, however, that away from the opposition the time during 
which Jupiter is above the horizon, and therefore the number of 
observable eclipses, diminishes rapidly. 

For the first satellite, where eclipses are numerous, and microme- 
trical observations least accurate, the advantage is very probably on 
the side of the eclipse-observations ; for the fourth, of which eclipses 
are rare and extra-eclipse-observations are most accurate,') this ratio 
is reversed. So long as nothing is known about the results derived 
from the series of photometrie eclipse-observations made at the 
observatory of Harvard College in the years 1878 to 1903, it is not 
possible to form a definite judgment regarding the relative value of 
the two kinds of observations. Anyhow the attempt is justified to 
derive also the elements of group B exelusively from extra-eclipse- 
obser’vations. 

C. The four mean distances represent only one unknown quantity, 
since the determination of their ratios from the mean motions (also 
taking into consideration the uncertainty of the perturbations which 
must be applied) is very much more accurate than the direet deter- 


1) My meaning is, of course, that the determination of the jovicentric place 
of the satellite from extra-eclipse-observations is most accurate for IV. This is due 
only to the large mean distance, not to the observation itself. This latter, i.e. the 


delermination of the relative geocentric place, seems to be sligh 
" tly more 
for II and II than for I and IV, saly accurate 
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mination of these ratios from the observations. This one unknown 
— the scale-value of the system — from which the mass of the 
planet is derived, can naturally only be determined from extra-eclipse- 
observations. It has already been-remarked that all series of such 
observations made before 1891, were made with a view to this 
determination. 


The number of unknowns of the problem is thus 32, viz: 


A. the “own” inclinations and nodes yi,@i... 8 unknowns 
the position of the equator wu 2 r 
the dynamical compression bet. 5 
B. mean longitudes with one rigorous condition &;... 3 ” 
„»  motions x 2 ee N me R: 
the amplitude and phase. of the libration k,t,... 2 Fe 
the own excentricities and perijoves 6,0%... 98 x 
the mass of each satellite Mine ie 
C. the reciprocal of the mass of the system EHRE 5 


e%) 
[S®) 


The observations which have been used in the derivation of the 
results to be communicated below are the following : 

1. Heliometer-observations made in 1891 at the Royal Observatory, 
Cape of Good Hope, by GinL and FınLay. These have been reduced 
by me and were published in my inaugural dissertation '). After 
the publication some mistakes and errors of computation have been 
found, which have been already corrected in the results used here. 
The corrected results will soon be published in Cape Annals, Vol 
Ri Part: l. 

The high order of accuracy of this series is due to the principle, 
introduceed by GILL, to measure only distances and position-angles 
of the satellites relatively to each other, and not relatively to the 
planet’). Thus large systematic errors are avoided. 

2. Heliometer-observations ınade. in 1901 and 1902 at the Cape 
Observatory by Bryan Cooxson, M. A., reduced by himself, and published 
in Cape XII.2. Corrections to the values of the unknowns as published 
there were afterwards given in Cape XII.4, Appendix. In these series 


1) Reduction of Heliometer-observations of Jupiter’s satellites, made by Sir 
Davıv Gur, K. C. B. and W. H. Fınzay, M. A., by W. oe Sırrer. Groningen, 
J. B. Worrers 1901. 

2) HERMANN StruvE had previously used the same method in his observations 
of the satellites of Saturn. 

45* 
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also only relative positions of the satellites infer se were determined. 

From these three series all elements were derived, and all have 
been used in the final discussion, the values being taken unaltered 
from the definitive publications already quoted. The only exception 
is the position of the fundamental plane for 1902, the inclination 
of which on the ecliptie is 2°8'38", instead of 2°11'38", as printed in 
Cape XII.2 page 191 '). 

3. Photographie plates, taken at the Cape Observatory in 1891 
and 1903, measured and reduced by me, and published in Cape 
XI1.3. The quantities p; and g; alone were derived for each epoch. 
These have been taken unaltered from Cape XIl.3. 

4. Photographic plates, taken at the Cape in 1904, measured and 
reduced by me. From these plates were derived p; and gi, which 
are published in Cape XII.3, and /,, /,, /,, which are published in 
Gron. Publ. 17. The published results have been adopted unaltered. 

In these last three series also only coordinates of the satellites 
relatively to each other were used. The planet was not measured 
by me. 

5. Photographie plates, taken at the Cape in 1902, ıneasured and 
reduced by Cooxsox, and published in Cape XII.4. This series 
requires a closer consideration. 

Mr. Cookson has measured on the plates differences of RA and 
decl. of the four satellites and Jupiter. The pointing on the planet 
is, according to his own statement, “not very accurate” (Cape XII.4, 
p. 24). But, according to the author, high aceuracy is not required, 
since it is eliminated in the reducetions. This elimination, however, 
is very incomplete. 

It is effected as follows. From the measured differences of R. 4. 
2 — &, & preliminary solution is made, the resulting values of the 
unknowns are substituted in the equations of condition, and residuals 
are formed, which may be called de;. The mean of these residuals 
for any one plate, say die,, is then considered to be the correetion 
dr, to be applied to @,, i.e. the error in the pointing on the 
planet witb reversed sign. This mean is therefore subtracted from 
the observed co-ordinates » — w,. Now this method only eliminates 
the accidental part of the correction da,. The systematie part is 
already in the first approximation included in the values of the 


!) The inclination and node referred to the equator are correct as printed, in the 
. . . 3 2 
reduction to the ecliplic some mistake must have occurred. The consequence of this 
is that the inclination «, of the fundamental plane on the orbit of Jupiter requires 
a correction of — 0.0092, instead of + 0°.0375, as would a | 
N ear fro 
data of Cape XI1.2, | e en. 
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unknowns Ah;, Ak,, Aw, and is not removed from them by the 
subsequent approximations. The coefficients of these unknowns consist 
of a constant and a periodie part, of which the former amounts on 
an average to three times the latter. (See e.g. Cookson, Cape XII.4, 
p-. 102). If this periodie part is neglected, the three unknowns cannot 
be separated, and they represent together only one unknown, which 
I have called #; (see my dissertation, p. 69), for each satellite. Thus, 
if the systematie part of dx, had been introduced as an unknown 
the equations of condition would have been: 


de _ 
RI Ba El 
Thus it would not be possible to separate F and dir,. Whether 
the unknown di, is actually written down in the equations or not, 
does not affeet the result; in any case the value which is found for 


d. 
F is not F itself, but F— de, / —-, and the residuals dir;, and there- 


L 
dF’ 
fore also their mean dix,, do not contain the systematie part of the 
error of pointing on the disc of the planet. 

If we assume that the values of F found from the simultaneous 
heliometer observations (see above, sub 2), are the true ones, then 
the differencees P—H, which are given by Cooxsox in Cape XII. 4, 
page 102 (where for #, — 0.0295 should be read instead of — 0.0395) 


i : b de 
are proportional to this systematic error, and we have dx, — Tr (P—H). 
We thus find for the four satellites : 
da, = — 0".19 & 0".04 
009 06 
mean — 0".21 = — 0.0035. 
Zelda 2:05 
Eee A 


The agreement of the four values is remarkable. The probable 
errors, of course, would only be a true measure of the accuracy, if 
it could be assumed that the periodic parts of the coefficients of Ah; 
etc. have been entirely without any influence on the final results, 
which is very far from being true, especially for the fourth satellite, 
of which only a small number of revolutions is included in the period 
of observations. The mean systematic error of pointing on the dise 
is of the same order of magnitude as the errors which I found to 
exist in the measures by Renz (see below, sub 6). So there can 
be little doubt that this is the true explanation of the large and systematic 


( 662 ) 


differences between the results from the photographs and those from the 
heliometer in 1902. Accordingly I have rejected all the results from 
the photographie series, with the exception of p; and gi, which depend 
almost exelusively on differences of declination, in which the unknowns 
Ah;, Ak;, Aw; have small and not constant coefficients, and the 
elimination of da, is therefore much more complete. I have adopted 
the values derived from the solution in which the orientation was 
determined from the trails. The reason why this is to be preferred 
to the orientation derived from the standard stars has been explained 
by me in Cape XI. 3, Appendix. The values of Ag; and Ap; have 
been adopted unaltered from Cape XII. 4. 

6. Photographie plates taken at the observatories of Helsingsfors 
by Prof. Doxser and of Pulkowa by Dr. Kosrtınsky, measured by 
Renz, and published in the M&moires de St. Petersbourg, VIII: series, 
Vol. VII, N°. 4 and Vol. XUL, N°. 1. 

From the measures by Renz I have derived corrections Al, Al,, 
Al, to the mean longitudes, which have been published in Gron. 
Publ. 17. The values found there have been adopted unaltered. 

Renz measured the positions of the satellites relatively to Jupiter. 
I have commenced ıny discussion of these measures by rigorously 
eliminating the pointing on tbe planet. It appears that these pointings 
are indeed subject to very large systematie errors (Gron. Publ. 17, 
art. 9). 

7. Heliometer observations made by BesseL in Königsberg from 
1832 to 1839, published by himself in “Astronomische Untersuchun- 
gen, Band II”; re-reduced by Schur and published in Nova Acta Acad. 
Leop. Carol., Vol. 44, pages 101—180. Only the values of h,, k,,h, 
k, are included in the discussion, and only h, and %k, have contri- 
buted to the final result. 

Besser has referred the satellites to the planet. His observations 
are affected by large systematie errors, as has been pointed out by 
SCHUR, in consequence of which their real accuracy cannot be assumed 
to be in accordance with the probable errors. 

8. The values of the “own’ nodes and perijoves in 1750. These 
have been determined by Deramsre and by Damoiszav. Regarding the 
accuracy of these determinations nothing definite is known. The agree- 
ment between the two results, which is very good, cannot be taken 
as a measure of the accuracy, since we do not know in how far 
Damoiszeau is independent of his predecessor. It will be seen below 
that the »öle played by these data in the derivation of the final 
results is a very subordinate one. 

lf from a combination of the values found on different epochs for 
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the osculating elements ‚we wish to derive not only the values of 
these elements, but also of the masses, it is necessary that the expres- 
sion of the perturbations as functions of the masses be known. 
The masses which form the basis of SovitLarr’s theory probably 
require considerable .corrections. In consequence of the mutual com- 
mensurability of the mean motions the perturbations of higher orders 
are very large —: in some cases larger than those of the first order. 
For these reasons the perturbations cannot be assumed to be linear 
functions of the masses. The formulas needed to compute the correc- 
tions to the perturbations corresponding to given correetions to the 
masses have been developed by me, on the basis of SovILLART’s 
numerical theory. They have been published in Gron. Publ. 17, art. 17. 
' 


The data required for the determination of the masses are: 

I. The motions of the nodes, especially of #,. The inclination of 
satellite I is too small to allow the motion of its node to be deter- 
mined with accuracy, and the motions of 9, and 9, are too slow to 
be of any importance for the determination of the masses, compared 
with 6,. The motion of 9, is the datum from which the constant of 
compression Jb? must be derived. 

ll. The motions of the perijoves, especially of &,. The excentri- 
eities of I and II are again too small to allow a determination of 
the motion of the perijove to be made. The motion of @, on the 
otber hand, if it could be accurately determined, would be of little 
value for the determination of the masses on account of the small 
coefficients of these masses. The motion of &,, which owing to the 
large excentricity of this satellite can be very accurately determined, 
is used for the derivation of the value of m,. 

Illa. The great inequalities in the longitudes and radii-vectores 
of the first and third satellites. These depend chiefly on m,, and 
serve to determine this mass. 

Id. The great inequality of the second satellite. This furnishes 
an equation involving m, and m,. 

These data are those used by LarLacz. To these 1 have added: 

IV. The period of the libration. This depends on m,, m, and m,. 
Of these m, only has a small coeflicient, consequently the observed 
period practically gives an equation between m, and m,, from which 
combined with IIId these two masses can be found '). 


Il) See “Over de libratie der drie binnenste satellieten van Jupiter, en eene 
nieuwe methode ter bepaling van de massa van satelliet I,” door Dr. W. pe 
Sırrer. Handelingen van het 10e Ned. Nat. en Geneesk. Oongres, (Arnhem 1905), 


pages 125—128. 
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Finally I add for the sake of completeness: 

V. The ratio of the two excentrieities of III, from which m, must 
be determined. It has not been possible to determine this ratio from 
the data at my disposal, and 1 have therefore been compelled to 
leave m, uncorrected. 

The investigation can thus be divided into the following parts, or 
subordinate investigations: 

I. The determination of the inclinations and nodes on the different 
epochs, and of the motions of the nodes. This discussion must at the 
same time give the position of the mean equator, since the major 
part of the motions of the nodes is due to the compression of the 
planet, and consequently the plane of the equator is the one to which 
the theoretical motions are referred, and on which the own inclina- 
tions are constant. This discussion has been made with preliminary 
values of p; and g; in Cape ALT. 3, Chapters XV—AXA1. 

II. The determination of the equations of the centre and of their 
secular variations. This was done in G@ron. Publ. 17, Art. 19. 

III. The determination of tlıe great inequalities. These have been 
adopted unaltered from the heliometer observations of 1891, 1901 
and 1902. 

IV. The determination of the libration. This was carried out in 
Gron. Publ. 17. 

The determination of the masses from the equations of condition 
furnished by these various subordinate investigations was effected in 
Gron. Publ. 17, so far as it was possible with the data which were 
then at my disposal. I there found the masses: 


x — + 0.025 v,— + 0.050 
v,— — 0.360 v,—= + 0.025 
The equations of condition from which eorrections to these values 
were derived, will be communicated below. I will now first describe 
the various subordinate investigations I to IV, to which I add V: 


the determination of the mean motions, and VI: the determination 
of the mass of the system. 


(4) 


I. Inclinations and Nodes. 


The data are the values of pı and g; f 

: g: for the five epochs 1891.75 
1901.61, 1902.60, 1903.72, 1904.89. The unknowns are y, To 
%,, Y, and the motions of the nodes '). These latter depend BE 
and »;, of which only x' has been introduced as unknown. The 


!) In this investigation we put for abbreviation 7 =W, — 6; . 
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discussion is carried out in Cape XII. 3, based on the masses ot 
SOUILLART’S theory. It must now be repeated with the masses (4A). 
Further the following corrections must be applied. 

a. The observed values of p; and g; must be reduced to one and 
the same fundamental plane for all epochs. At the time when the 
discussion of Cape XII. 3 was made, I had not at my disposal the 
data for carrying out this reduction for the epochs 1901 and 1902. 

b. In the discussion of Cape XII. 3 I was compelled to reject the 
observations of the satellites III and IV in 1901 and 1902. Cookson 
had found in the latitude of IV an empirical term, which had also 
influenced the results for III, and which could be demonstrated not 
to exist in the observations of: 1891, 1903 and 1904. Mr. CooksoN 
has since then found the true explanation of this apparent periodie 
term, and has correeted his results accordingly. The corrected results 
must now be introduced into the discussion. It appears that now not 
only nothing must be rejected, but that also the representation of 
the observations generally is much improved. 

c. The results of the photographs of 1902, which were not yet 
known when the discussion of Cape XII. 3 was made, must be taken 
into account. 

It seems unnecessary to mention here all the details of the dis- 
eussion. It will be published in Cape XII. 1, Appendix, and it will 
suffice here to state the results. 

It may be reınembered that in Cape XII. 3 two final solutions 
were made, of which Sol. VI was based exclusively on modern 
observations, while in Sol. VII the motion of 6, was derived from 
a comparison with DerAmBre (1750), and the motions of the other 
nodes theoretically corresponding with this were adopted '). Thus «' 
was not introduced as an unknown in this solution. The agreement 
of the solutions VI and VII was very good, with the exception of 
x' and %,. The values (A) of x and »; are chosen so that the 
corresponding motions of the nodes are about the means of those 
found in Sol. VI and Sol. VII. 

The corrections (a), (d) and (c) were now applied, the quantities 
0; and u;, which are used in the solution were altered so as to 
correspond with the masses (4), and a new solution was made 
(Sol. VII) in which, similarly to Sol. VI, the unknowns were 
Yu Tio, &, y, and dx’. The method by which the solution was 
effeeted is the same as in Cape XII. 3, and has also been described 


5) The correspondence was only approximate, the expressions of the motions of 
Ihe nodes as functions of the masses (Gron. Publ. 17, art. 17), not yet being 
computed at that time. 
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in detail in these Proceedings (March 1906). The values found for 
x; and Io were very nearly equal to those found previously. The 
correction to x’ was very small, viz.: 

dx’ = + 0.0026 & .0058. 


The masses now become 
x" — + 0.0276 v, = + 0.050 
v, = — 0.360 v, = + 0.025 
The motions of the nodes were now made to correspond with 
these masses, the values found for y;, Ijo,.r, and y, were introduced 
into the equations of condition, and residuals Ay; and sin y, AT; were 
formed. From these latter I then derived for each satellite separately 
a correction to the motion of the node. These corrections are given 
below sub I. The values of the nodes in 1750.0 were next computed 
and compared with those determined by DerLamsre. This comparison 
gave the corrections II to the motions of the nodes. 


(B) 


(orrection 
to the I 
motion of (modern) (DELAMBRE) Adopted 


6, + 0.0094 +.0029 

9, — 0 ..00001# 00009 — 0°.00042#°.00020  — 0°.00010=+.00008 
0, — 0.000484 23 —0.0004+ 20 —0.00041+ 15 
6, — 0 .000I3+ 11 +0.00008= 50 —0.00010# 10 


These corrections have been used as the right-hand members of 
equations of condition, from which, together with those derived from 
the other subordinate investigations, corrections to the values (B) of 
the masses have been determined. These equations will be given further 
on. lt will be seen that the adopted values agree within the probable 
errors with those derived from the modern observations alone. If 
thus these latter were adopted, the final results could only be 
altered within their probable errors. The finally adopted masses are: 


x" — + 0.0826 + .0075 


v, = —0.350 = .030 

v,=40.050. = 5050 el u 
v, — 40.005 = .020 

N! = 0.25 


These were now introduced into the quantities 0; and wand a 
new solution was made (Sol. IX), in which the motions of the nodes 
corresponding to the masses (Ü') were adopted, and accordingly dx’ 
was not introduced as unknown. The result is: 
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Solution IX. 


- 


y, = 00272 #008 9,— 60.2 #7.0 — {0.138614 +.00100 }t 
„046838 + 16  0,— 293.18 + 0.19 -- {0.032335 + .000240} t 
n=0.1839+ 26  4,—=319.73 + 0.52 — {0.006854 + .000180} t 
1.025364 23 9, 11.98 & 0.67 — {0.001772 + .000030} t 


The time tis counted in days from 1900 Jan. 0, mean Greenwich 
noon. The nodes are reckoned from the first point of Aries. The motions 
contain the precession, for which Nkwcom®’s value was adopted. 
The probable errors of the motions of the nodes were computed 
from those of the masses (C'). For the position of the mean equator 
referred to LEVERRIER’S plane of Jupiter’s orbit for 1900.0 I find 


4 


o= 3.1153 £ 0.0014 
9— 315.800 + 0.025 (1900 Jan. 0.0) 


Table I contains the observed corrections to SOUILLART’S theory, 
their probable errors derived from the discussion of each series 
separately, and the residuals which remain after the subtitution of 
the final values of y;, 4;, w and @. 

The probable error of weight unity, determined from these resi- 
duals is 

= 0°.0097. 

Weights had originally been assigned, corresponding to a probable 

error of weight unity of 
=£ 0°.0100. 


Comparing each residual with its probable errer, we find the 
following distribution 


actual theoretical 
smaller than 0 30% 28.0 
between g and 20 16} 18.1 
= 20 , 3g 6 7.5 
exceeding 30 3 2.4 


Remembering that the corrections Ap; and Ag; are for each epoch 
the results of a series of observations, made for the different epochs 
by different observers and different instruments, and reduced absolutely 
independently of each other, we must consider this excellent agree- 
went of the actual distribution with the ideal one according to the 
law of errors as a strong proof of the freedom of the observations 
from systematic errors. Accordingly the probable errors of the resul- 
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ting inclinations and nodes ‘can confidently be regarded as a correct 
measure of the accuracy. How much better the observations are 
represented by these values than by those adopted in SoVILLART’S 
theory is evident at once by comparing the residuals with the 
observed corrections... 

For 1750.0 I now find: 


So IX, DELAMBRE DamoIsBAU 
6, 264.7 + 13.2 283.3 282.0 
6, 335.2 + 10.0 352.5 353.5 
6, 109.1+ 1.8 105.0 98.3 


The agreement with the values found by DELAMBRE and DAMmoIskAU 
is now satisfactory. If the probable errors of @, and 9, in 1750 are 
estimated at # 5° (see Cape XII. 3 page 111), the difference in 
both cases hardly exceeds the sum of the probable errors. As has 
been already said, I consider the probable errors of Solution IX as 
a true measure of the accuracy. This however they only remain 
for 1750 on the assumption that the theory, by means of which the 
elements have been carried back from 1900 to 1750, be correct. 
This, however, cannot be assumed without some qualification. It is 
well known that SouiLLarT has integrated the equations of motion 
by two different methods. The difference between the motion of the 
node of lI in 150 years according to the two methods is nearly 
1°.4. It is thus quite possible that the terms of higher order in the 
masses, which are neglected in both methods, may also amount toa 
very appreciable quantity. In the interval of 150 years 6, has completed 
nearly five revolutions, while its motion is practically derived from the 
interval 1891 —1904, during which the node has moved about 155° 
degrees. Remembering this, the agreement between the values carried 
back from 1900 to 1750, and those directly determined, is as good 
as could reasonably be expected. 

In Cape XII. 3. I pointed out that the solutions VI (modern 
observations alone) and VII (motion of @, from comparison with 
DELAMBRE) were in perfect agreement except for the motions of 
the nodes and for 9,. I then stated as my opinion, that the 
substitution of better masses for those of SoviLLart could be 
expected to reconcile the two solutions. This expectation has been 
entirely fulfilled. With regard to the motions of the nodes, (which 
are practically the same in Sol. VIII and Sol. IX) we have just 
seen that the agreement with 1750 is satisfactory. With regard to 
Y, the following comparison of the different solutions shows that 
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indeed the differenee between Sol. VIII and IX is much smaller 
than between VI and VII, and now leaves nothing to be desired. 


Values of Ys- 
Sol. VI + 0°.0388 + °.0044 Sol. VIIT + 0°.0454 # °.0029 


Sol. VII + .0490 £ 24 Sol. IX + .473=# 14. 


For the other unknowns the differences between the solutions VIII 
and IX are entirely negligible. In addition to the improvement of 
tbe masses, also the reduction to one and the same fundamental 
plane, and the corrections applied by Cookson to the values for 1901 
and 1902 are largely responsible for this improvement in the agree- 
ment of the two solutions. 


I. Equations of the centre. The values of the own excentricities 
and perijoves were derived by me from the heliometer observations of 
1891, 1901 and 1902, in Gron. Publ. 17, Art. 19. (See also these 
Proceedings, June 1907). The discussion was there carried out for 
two sets of coefficients r;;, the results agreeing within their probable 
errors. It is therefore unnecessary to repeat it here with the coeffi- 
cients corresponding to the masses (C), which are intermediate 
between the two sets there used. The reasons why the photographie 
results of 1902 must be rejected, have already been given above. 
The finally adopted values are thus the same as in Gron. Publ. 17, 
with only a few unimportant alternations in the last decimal places, viz: 


e, = 0.0031 +°.0080 @&,—155°%.5 + © + {0°.14703 +°.00144 }t 
,=0 0124 40 0,= 62.7 #10°.0 + {0.038955 + .000455}t 
2=0.0868+ 65 &,—=338.3 + 3.0 + {0. 007032 + .0001801t 
e,—=0 426444 20 0,—283 .15+ 0.304 {0 .001896 + .000021ft 


&ı 


The probable errors depend on judgment, and are probably esti- 
mated rather too large. The values of e, and ®, were not derived 
from the observed values of %, and k,, but from the inequalities of 
group Ill, as will appear below when we treat of the libration. The 
adopted p. e. of e, is the largest value which can still be considered 
to be not improbable having regard to the observed values of h, 
and %,. This p. e. being larger than the value of e, itself, the p- e. 
of ®, cannot be stated. 

The motions have been computed by the masses (C) and their 
probable errors correspond to the probable errors of these masses. 

These values of e, and @;, and the values of 7; corresponding to 
the masses (C) give the residuals contained in Table II, together 
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with the observed eorreetions to SourLLarr's theory and their probable 
errors.‘) The residuals are very satisfactory, especially so if satellite 
I is left ont of account. (See also Gron. Publ. 17, pages 92 
and 115). 

From the values of &, in 1900, 1836 and 1750 I have already 
in Gron. Publ. 17 derived the motion of &,. The value found there 
requires however a small correetion. The values which BesseL, and 
following his example Schur also, gives for E, sin 2, and E, cos 2,, 
i.e. for A, and k,, are in reality the values ofe, sin ©, and e, cos ®,. 
This was not noticed at first, and must now be corrected. 


I now find for 1836 
Me 0°,708 70,308, 


4 


Using,- as before, the most probable values of e,, ®, and r,,, we 
find from this: 


e,sino, = — 09.351 e,csw, = — 0°.208 
Hr eg: 


We have now: 


©, Residual 
1750.0 180°.4 -+ 0°.1 
1836.0 239.4 00 
1900.0 283. 1 0.0 


from which: 


- 


d 
= = 0°.001872 + 0°.000020 . ne se A 


If the probable error were derived from the residuals, or from 
the probable errors for the separate epochs, we should ünd a much 
smaller value. The larger value has been adopted chiefly on account 
of the possibility of systematic errors of BesskL, which will be men- 
tioned below. 

Cooxson has already (Cape XII. 2. page 197) derived the motion 
of &, from the observations of 1836, 1879 (Schur) 1891, 1901 and 
1902. He finds: 


do 
dt 


The values («) and (ß) agree within their probable errors. So, 
if (8) were adopted instead of (a), the final results could only be 


= 07.001892 :03000024 7 KR (ß) 


!) In deriving these residuals the longitudes ofthe perijoves are, of course, counted 
from the point O, as was done in the tabular places. 
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altered within their probable errors. They would then be entirely 
independent of eclipse observations. 
With the finally adopted elements we find for BesseL the following 
residuals. 
BesseL 1836.0 


Observed Residual Observed ‚Residua] 
Ah, — 0°.083 &°.010 + °.008 h, — 0.704 #& °.007 + °,028 
k —0.18 + 14 + .020 RR a 


It thus appears that, although &, is well represented, A, and k, 
leave large residuals. It is remarkable that all four residuals are 
positive. This must probably be ascribed to systematic errors in the 
observations, which have already been proved to exist by ScHur’s 
discussion, and which probably are not entirely eliminated by the 
empirical corrections applied by ScHur. 

The theoretical values of h, and %k, are: 


$h, = T,esino, +7T,6,53n@, + e,sin@®, +r,,e,sino, 
3k, = T,, 6 008@, + T,, €, 008 @, + €, 008®, + T,, e, c08 ®,. 


The two first terms are exceedingly small, but r,, e, is large, and 
this term has been used by LaArLAck to determine m,, with which 
the coefficient r,, is roughly proportional. An attempt to derive r,, 
from a comparison of the equations of the centre in 1836 and 1900 
had to be. given up, as will be easily understood by considering the 
residuals and probable errors stated above. Also a comparison with 
1750 is not possible, for DELAMBRE and DamoiszAU both state nothing 
but the values of the coefficients and the arguments, and it is not 
possible to derive from these the values of A; and %; as found 
directly from the observations. I have thus been compelled to leave 
, uncorrected. 

The values of &, and ®, for 1750, computed from the final values 
for 1900.0 and the final motions, are: 


DE1I.AMBRE DAMOISEAU 


m 


5 313.0 + 103 309.4 315.0 
2 1793+ 12 180.3 180.4 


The agreement is excellent, in fact better than could have been 


expected. 
(To be continued). 
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Botany. — “Contribution N°®. 1 to the knowledge of the Flora of 
Java” by Dr. S. H. KooRrDkRrs. 


(Communicated in the meeting of February 29, 1908). 


81. On the oecological conditions, on the means of dissemination and on 
the geographical distribution of the species of Myricaceae, occurring wild 
in Java, especially in the higher mountains. 


As has been shown by Koorpers and VALEron in their eritical 
systematie investigations of the Myricacae of Java, contribution 
N’. 9 to the knowledge of the Trees of Java, [in Mededeelingen 
wit ’s Lands Plantentuin N’. LXI (1903) p. 99--105] there are 
found on this island but two wild species, both of which generally 
become arborescent. These are: 

1. Myrica javanica BL. (= M. macrophylla Mıre.) and 

2. Myrica longifolia Teıssm. & BINNENDIIK (= M. integrifolia Rox®. 
— M. Lobbü Teıssm. & Biınn.). 

The botanical investigations of the alpine flora of Java, 
which I am now undertaking for the Dutch Ministry of the colonies in 
the Herbaria at Leiden and at Utrecht, often afford a not unwelcome 
opportunity of amplifying and correeting my previous publications 
on geographical distribution and oecology, which publi- 
cations were mainly based on my botanical notes of numerous 
journeys in Java, Sumatra and North-East Celebes. 

An example is presented by the order of the Myricaceae, since 
in a recent foreign publication ') observations appear to have been 
overlooked, which had already been published, partly in 1903 in 
the above-mentioned Contribution N‘. 9 to the knowledge of the 
Trees of Java, by Koorpers & VaLEToN ’), and partly in a still earlier 
small Dutch publication, ’) which is very difficulty accessible abroad. 
We are here concerned with some observations on the geographical 
distribution and especially on the means of dissemination of an alpine 
tree of Java, namely Myrica javanica BuuMmk. 


!) Ernst, Prof. Dr. A., Die neue Flora der Vulkaninsel Krakatau mit 2 Karten- 
skizzen und 9 Landschafts- und Vegetationsbildern. — Zürich 1907. — On p. 61 
of this very interesting publication: “Auch bei früclitefressenden Tauben sollen 
sich im Kropfe und Magen häufig Samen van ansehnlicher Grösse vorfinden und 
Beccarı gibt an,...” (l. c. p. 61). 


?) KooRDERS & Vareron l.c. in Mededeelingen uit ’s Lands Plantentuin LXI (1903) 
p. 102. 

3) Koorers, Spontane en kunstmatige reboisatie op den Sendoro (Spontaneous 
and artificial reforestation on the Sendoro) in Tijdschr. v. Nijverheid en Landbouw 
van Nederl. Indie, Vol. 51 p. 241—287 (with a map). 
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$$ 1. Myrıca Javanıca RL. 
$$$ 1. GEOGRAPHICAL DISTRIBÜTION AND OECOLOGY. 
$66$ 1. Distribution and oecology outside Java. 


In 1895 I collected in the Sapoetan mountains of North East 
Celebes, at an altitude of 1400—1500 metres above sea-level, herba- 
rium specimens of a small tree, which grew wild there. These 
specimens are now in the Mus. Botan. Hort. Bog. at Buitenzorg ; 
I considered that they differed only so slightly from Javanese speci- 
mens of Myrica javanıca Bıums, that I identified ‘) them with the 
latter and still regard them as conspecific. As is proved by a speci- 
men which I saw in the Royal Botanical Museum at Berlin, this 
species was also colleeted by Wargure in N. E. Celebes and was 
regarded hy him as speeifically different from the above-named 
Javanese species. Except from Celebes and from Java, no stations 
for Myrica javanica Bıume have been recorded in the literature. 
Nor have I seen any specimens collected outside Java, in the Herbaria 
at Leiden and at Utrecht. 

Since I have not, at present at my disposal the specimens collected 
by me in Celebes and preserved in the Herbarium at Buitenzorg, I 
can give no further data regarding WarBURG’s separation of his 
specimens from Üelebes in connexion with the specific value of the 
differences, which I myself (/. c. p. 615) had already observed between 
the specimens of Myrica javanıca BL., collected by me in Java and 
in Celebes. For the present I therefore continue to regard the arbo- 
rescent Mwyrica, collected on the Sapoetan summit in N.E. Üelebes, 
as identical with Mwyrıca javanıca BL. of the Javanese mountains. 


$66$6 2. Horizontal and vertical distribution 
and oecology outside Java. 


As appears from Herb. Kds. in Mus. Hort. Bogor., I made in 
the years 1888-1903 the following observations, which in part 
have already been published in Koorpsrs and VALEToN, contribution 
to the knowledge of the Trees of Java, IX (1903) p. 102. 

In West- and in Central Java above 1500 metres. In the Preanger 
on the Gede at 3000 m. near the summit, on the Galoenggoeng by 
the lake of Telagabodas at 1650 m. and 1700 m. In Tegal on the 


1) Koorvers, S. H., Report of an official botanıcal journey through the Mina 
hasa, being a first survey of the Flora of N. E. Celebes; with 10 maps and 
3 plates. (In Mededeelingen uit ’sLands Plantentuin N®, XIX (1898). Batavia and 
The Hague p. 615). 
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Slamat at 1800 m. and higher above Simpar. In the residency 
Banjoemas on the Prahoe and on the Dieng-plateau at 2500 m. In 
the resideney Kedoe on the Merbaboe, Oengaran and Telemojo at 
1800 m. and higher. Has hitherto not been found further East. 
Growing in Java mostly gregarious, and, together with about 15 other 
ever-green woody species, forming alpine forests. Proper to alpine 
regions, and found in lower regions only near solfatare, which are 
rich in mineral salts, hence exelusively on physiologically-dry soils. 
Prefers altitudes of 1800--3000 m. above sea-level; has not been 
observed in Java below 1500 m. 

The following oecological conditions may be mentioned for Myrica 
javanica: the species withstands the low air-temperature, the intense 
insolation and low atmospherice humidity of JunsuuHn’s alpine zone, 
but does not appear to resist the over-dry climate of East Java. 

The species occurs on very arid and stony soils, which are pre- 
sumably poor in soluble mineral constituents, in consequence of long- 
continued washing out, and also grows luxuriously in physiologically- 
dry situations, near solfatare, etc. In the hot plain, the species is 
altogether wanting. It can fairly well resist much sunlight, as well 
as shade, and likewise is proof against strong winds. 

I have not yet found Phanerogamic parasites on this alpine tree; on 
the other hand I have observed parasitice Fungi on it, for instance 
in the residency Kedoe the following: Myxosporium candıdissimum 
RacıBorskt, Microcyclus Koordersii Hennıngs and Pestalozzia Myricae 
Koorn. ") 

Even on the borders of the natural area of distribution of Myrica 
javanica, I have never observed these parasitice Fungi on the three 
in such quantity, that they alone would appear to limit the distri- 
bution of the adult-plants in Java. My experiments on infeetion with 
conidia of Pestalozzia Myricae do not, however, preclude the possi- 
bility, that this fungus imposes a natural limit on the development 
of the seedlings; the experiments showed that, with too much shade 
and too much moisture in the soil, most of the Myrica seedlings 
were killed off by the parasitie fungus, even in a distriet within the 
natural area of distribution. 

At the same time these experiments showed, that Myrica seeds, 
when germinating in full sunlight (for instance on bare mountain- 
slopes, naked rocks and layers of rapilli), would not sustain serions 
injury from this fungus parasite which is often so harmful. 


!) Koorpers, Bolanische Untersuchungen über einige in Java vorkommende Pilze, 
en en bewohnende parasitisch auftretende Arten in Verhand. 
oninkl. Akademie v. Wetenschappen, Deel XIII, Tweede Sectie (1907) No. 4, p. 
183, 218 and 224]. i NH 
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A further study of parasitie fungi, especially of such as attack 
Phanerogam-seedlings, will probably afford a good explanation of some 
apparently insoluble problems of plaut distribution, especially where 
other causes do not suffieiently account for the sudden absence of a 
species under apparently favourable oecologieal conditions. 

Even in mountain regions, where the original vegetation has been 
completely destroyed by human interference, as for instance in central 
Java on the Sendoro, where in 1891 miles of country were laid 
waste by fire, extensive forests of Myrica javanica are formed by a 
natural process in a relatively short time. When I visited the volcano 
Sendoro in 1903, and therefore 12 years after the fire, the higher 
slopes, which in 1891 had been burned down to the rock, were 
covered with alpine bush, grown up naturally. These slopes, which 
were situated above the plantations of the Forestry Department, have 
been referred to in detail in a publication mentioned above.) The 
woods extended for many thousands of acres, especially on the more 
humid S. W. side of the mountain, and in many places Myrica 
Javanıca was predominant to such an extent, that one might have 
spoken of almost pure Myrica forests. According to information 
obtained by me on the spot, there appeared in addition to Myrica 
javanica, as first tree-like pioneer on many of the most completely 
burned places, as soon as one year after the fire Albizzia montana 
BENTH, growing in groups in the midst of an extensive grass wilder- 
ness. This latter species has also been found by me repeatedly 
elsewhere, in the alpine regions of Java as one of the very first 
pioneers of the forest on the burned-down slopes of volcanoes. 

Brief reference may here be made to some results of investigations, 
which I have carried out in various parts of Java, Sumatra and N. E. 
Celebes during many years, regarding the characteristics of the Phane- 
rogam pioneers on volcano slopes after complete denudation by fire, and 
on other lands in the interior of Java, Sumatra and Üelebes, after a 
similar loss of vegetation, due to other causes (e.g. deserted arable 
lands). It would appear that, without reference to the height above 
sea-level nor to the systematie position of the pioneers, the new 
vegetation is characterised by the following properties, which are 
related to the abovementioned peculiar oecologieal conditions : 


1. Without exception the new plants are, by structure and distri- 
bution werophytes, which remain alive under extraordinarily unfa- 
vourable conditions of water-supply and transpiration. 


1) Compare Koorpers Spontaneous and artificial reforestation on the Sendorol. c.- 
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9%. In addition to “poverty of water”, nearly all these species 
can well resist direet sunlight, while many are not killed either by 


great poverty of light. 


3. Nearly all grow rapidly or very rapidly, and all soon produce 
abundant seed. Many of the herbaceous pioneers of this vegetation 
already bear plentiful fruit within a few months, while several 
woody pioneers already flower and bear seed in two years. 


4. The seeds are never large and are very easily distributed, either 
by wind or by animals (especially endozoically by birds). 


5. The herbaceous species are mostly anemophorous, whilst the 
majority of the trees appear to be zoophorous. As might be expected 
a priori, species with seeds, which are only adapted for distribution 
by water, are altogether absent. 


6. The new vegetation consists of herbaceous and erect woody 
plants; elimbing plants only occur among the first pioneers exception- 
ally and in small numbers. 


7. The woody pioneers, which in the first few months grow more 
slowly than the many herbaceous species (e. g. many gramineae 
and compositae), are nearly all characterized by a great power of 
resistance against shade, by an especially well developed root- 
system and by the possession of a foliage-crown, which by exelusion 
of light, causes the death of the herbaceous species beneath it, 
generally within one or two years of the elosing of the crown of 
the young trees. 


8. On account of their xerophytic nature, there need be no surprise, 
after what has been said above under no 1, that a few other plants 
may occasionally ') occur in Java among the first pioneers of vege- 
tation. Such plants, which elsewhere, under different oecological 
conditions, are temporary or permanent epiphytes, occur on bare 
lava and on deserted stone buildings (for instance in the deserted 
fortress of Noesakambangan). Simularly a few land-halophytes grow 
more or less abundantly on the soil [e. g. Dodonaea viscosa (Linn). 
JacgQ., in alpine distriets of central and eastern Java]. 


1) Compare also I. c. p. 73 Scumper Pflanzengeographie p. 90 and 102 and the 
literature cited in those publications. 
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$6$ 2. MEANS OR DISTRIBUTION. 


The fullowing observations were, in part, made by me in 1891, 
on & botanical journey in Central Java, and were written down in 
the same year, but were not published!) till some years later in a 
dutch artiele entitled:- “dissemination of Myrica seeds by birds” ina 
memoir on spontaneous and artificial reforestation of the Sendoro. 

“The above observations are of interest on account of the cir- 
cumstance, that Myrica javanıca Reinw. (Pitjisan, javanese) has been 
found by experience to be one of the most important species of trees 
for the reforestation of the Sendoro, and especially on account of 
the fact, that as yet there are in the literature no numerical data 
as to the means and agents of distribution of this zoophorous 
species. 

The drupaceous stone-fruits of Myrica trees being edible, and there 
always being a large number of birds, especially wild pigeons, in 
the Myrica reforestations, it seemed not improbable, that the fruits 
are eaten by the birds, and are disseminated by them. 

The contents of the crop and gizzard of three birds, shot in the 
Myrica forests above Kledoeng (1450 m. above sea-level), were 
found to consist almost entirely of undamaged Myrica stones, some 
of which were still surrounded by the soft mesocarp; of these birds 
one green pigeon had 231, a second green pigeon 144, and one 
koetilan (lxos haemorrhous) 4 seeds of Myrica javanıca, still enelosed 
in the stone. 

In the drop and gizzard of a single pigeon there were thus no 
fewer than 231 undamaged ‘seeds’” of the Myrica tree. The gizzards 
of the two green pigeons contained only the red mesocarp with the 
seeds still enelosed in the stone, without other remnants of food, 
but the crop and the gizzard of the koetilan contained in addition 
some rests of insects. 

Since all the stones which were examined, were quite undamaged 
and had only been freed froın the surrounding tleshy portion of the 
fruit, it seems to me there is no doubt, that the strong endocarps, 
thrown out by the birds, will germinate extremely well, and it may 
be assumed, that the green pigeons especially contribute largely to 
the dissemination of the seeds of Myrıca javanıca on the @. Sendoro. 

It may be added, that the above-mentioned stones, collected from 
the three bird’s gizzards, were sown at my request by Mr. E. Tosı 
"}, Koonnens, 8. H., Spontaneous and artificial reforestation of tlıe Sendoro in 
Java (in Tijdschrift van Nijverh. en Landb. v. Nederl. Indie, DI 51, p. 241—287, 
with a map). — Compare also: Vareron, Th. The distribution offruits by animals 
(in Tejjsmannia IV, p. 219). 
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at Kledoeng, in order to see whether their germinative power had 
really not suffered by {he sojourm in the erop and gizzard (KoorD. 
l. ce. p. 45—47)”. 

To the above notes the following may now be added. When in 
1903 I returned to the mountain in question, I learned verbally from 
the keeper, whom Mr. E. Tosı (now Chief Inspector, Head of the 
Forestry Service in the Dutch Indies) had kindly instructed at my 
request to sow the Myrica javanica-“seeds”, that the “seeds’” 
from bird’s gizzards and crops, received by him, 
hadall germinated excellently and had further 
developed well. 

These observations may therefore be regarded as proving, that 
some birds, and especially a species of the large green wild pigeons 
referred to (probably Vinago Capellei or an allied species of the 
genus Vinago) may, in Java, contribute very largely to the disse- 
mination of the alpine tree, here in question; they also show that 
in some cases 100°/, of the “seeds”’, which have been ingested, 
germinate well, and that the number of Myrica fruitstones found in 
the crop of a single bird may amount to 231. 

As yet no data are known to me regarding the dissemination of 
Myrica seeds in Java by other animals. 


$$ 2. Mrrıca LongiroLia TeissMm. & BINNENDIK. 


$6$ 1. Distribution outside Java: unknown. 

$6$ 2. Distribution and oecologicalconditions 
in Java. It is stated by Mıquer (Flora Ind. Bat. I, 1, p. 872) that 
Myrica longifolia Taıssm. & Bınn., which, according to KoORDERS 
and Vaueron, Bijdr. Booms. Java IX (1903) p. 104, is synouymous 
with Myrica Lobbi T. & B., had been found on the Megamendoeng 
in the Preanger. This has certainly never been confirmed, although 
I have repeatedly collected herbarium material in this distriet. Only 
in one single place have I found this species wild, namely in Cen- 
tral Java, in the resideney Semarang on the G. Telemojo above 
Sepakoeng, at an altitude of 1700 m. above sea level. The tree 
grew sporadically in an evergreen, mixed forest on fairly dry 
soil of volcanie grit, on a lateral summit of the @. Telemojo, 
called G. Pendil. In the same forest there also oceurred among other 
plants: Weinmannia Blumei PıancH. (Saxifragaccae) and Wendlandia 
Junghuhniana Mig. (Rubiaccae). At the original above-mentioned 
station of Myrica longifola Trissm. & Bınv., Myrica javanica Bu. 
was however entirely absent. 
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96 3. Means of distribution. The dissemination of-this 
species very probably also takes place through the agency of birds, 
which eat the drupaceous stonefruits. Further data about the means 
of distribution of this rare species’are wanting. The fruits resemble 
those of Myrica javanica Bu., so closely however, tbat in any case 
I cannot consider the limited vertical and horizontal distribution of 
Myrica longifolia T. & B. as being due to diffieulties of dissemination, 
but feel obliged to attribute it to other oecological conditions. 


$ 2. On Oreiostachys, GAMBLE, a new genus of Gramineae-Bambuseae, 
collected by Dr, A. PULLE in Java at an altitude of 1600 m. above sea-level 


When in 1907 I was engaged on the systematic and phyto- 
geographical investigation of the Alpine flora of Java, and was 
working in the herbarium of the Royal Botanical Museum at Dahlem 
near Berlin !), Prof. Dr. F. A. F. C. Went was so kind as to make 
me the offer, very highly appreciated by me, of giving me also for 
invesligation a collection of Alpine plants, made in 1906 in Java by 
Dr. A. Purız, and belonging to the Herbarium at Utrecht. In the 
preliminary naming of this collection, which proved to have been 
excellently collected, and preserved and labelled with great care, I 
found a fine flowering specimen of a Bambusea, the naming of 
which presented exceptionally great diffieulties, here and at Berlin 
(. a. by the absence of fruits, which are almost indispensable for 
the determination of Bambuseae). Thereupon I sent this herbarium 


1) Most grateful mention should here be made of the assistance given me by 
Professor Dr. A. EnGLER, Director of the Royal Botanic Garden at Dahlem, near 
Berlin, and by Dr. D. Praıs, Director of the Royal Gardens, Kew, near London. 
Prof. Dr. A. EnGLER was so kind as to lend me the plants, which he had perso- 
nally collected in Java on his last “Forschungsreise”, especially in the highest 
mountain regions of Western Java, and also in the Tengger; this loan was not 
limited to my stay at Dahlem-Berlin, but continued after my return to Leiden. 

Dr. Praın had the extreme courtesy to send me, for further study and in 
response to my request, made in 1907, while I was in Berlin, all the duplicate 
specimens of the Phanerogams, collected by me in 1899 on the Tengger moun- 
tains of Eastern Java, and described by me in Natuurk. Tijdschr. v. N. I (DI. 60 
p- 242— 280 and 370—374, DI. 62 p. 213—266), which specimens had been pre- 
sented to the Royal Herbarium at Kew, by the Botanic Gardens of Buitenzorg; 
Dr. Pram also granted me the loan of these specimens for further study, while 
[ was in Holland. When it is remembered, that all these specimens had already 
been incorporated. in the herbarium according to their specific name, and were 
scattered among hundreds of thousands of other specimens, at the time when I 
made my request, it is evident, that this action implies extreme scientific liberality 
and readiness to help on the part of the Director of the Royal Botanic Gardens, 
and of the scientific staff of the Royal Herbarium at Kew. 

These collections are still the subject of study. 


( 682 ) 


specimen to Mr. J. S. Games, F. R. S. in England. This botanist, 
the author of the excellent monograph on Indian Bambuseae, 
(published in Vol. VII of the Annals cf the Royal Gardens of 
Caleutta), succeeded in determining, that the plant belonged to a 
new genus of Gramineae-Bambuseae- Arundinarieae, near the genus 
Sasa Smeara; it might thus perhaps prove to be related to a 
plant, colleeted in Java by Junenunn and only known to MigqueEL 
and to Büss in the sterile state. The latter plant was only briefly 
deseribed by Büse sub n. 7 on p. 393 of his Plantae Junghuh- 
nianae and by Migurr sub n. 15 on p. 420 of Vol. III of his 
Flora Indiae Batavae under the name Bambusacea spec. iündet. 
(without further addition). GAmBLE rightly supposed that the authentie 
specimen of JuneHuunn’s herbarium might be in the Herbarium at 
Leiden. A search, which I thereupon made in this herbarium, 
confirmed GAMBLE’s surmise in ’a striking manner. For in the first 
place I succeeded in finding the authentic specimen of JUNGHUHN’S 
plant, in a packet of JungHuunn’s Gramineae of Java, returned long 
ago by Büsr’s heirs to the herbarium at Leiden; fortunately the 
specimen was not only in an excellent state Of preservation and 
had the authentic determination label of Büsz (1854), but also the 
original herbarium notes, which I presume tö have been made in 
1839 by JunGHUHN, at the time of collection. In the second place I 
succeeded at Leiden, by a comparison of the leaves of the flowering 
branches of Purur’s herbarium specimen (which leaves were greatly 
reduced in size) with the sterile, normally developed leaves of Jung- 
HUHN’S plant, in establishing the unspeeifie identity of the two plants 
an identity already surmised by GAmBLE. A comparison of the authentie 
labels of Büse and of JunGHUHN, preserved at Leiden, further showed 
that a clerical error had arisen in Büsr’s text l.c. 393—394 (which 
Miquen 1.c. 420 had cited without eritieism and in an abbreviated 
form under “Bambusacearum species dubiae”). This error seems to me 
to have arisen from Büsr’s not having read with care JUNGHUHN’S 
labels indicating the place of growth. 


This was evident from: the following: 


1. On the above-mentioned labels of Juneuunn I could clearly 
read without diffieulty: “J. Sunda-landschap. 3—6000’ Bambu--0”, 
while Büsk 1. c. 394 gives: Habitat Javae sylvas intactas Pekalongan, 
altit. 3—6000'. Jungnums. — Incolae hane vocant Bambu oo, fide 


N 3 
JUNGHUHN. — ‚Species propria scandens aut ramis ‚pendentibus ?’ 
(Büsz 1. c.). 
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Pekalongan is however, not situated in the Sunda district (“Sunda- 
landschap —= the present Preanger), but in Central Java. 


2. Furthermore JunGHUHN cannot have collected at Pekalongan at 
an altitude of 3—6000 feet, since Pekalongan lies in a low plain. 


3. JUNGHUHN collected much herbarium material on sun near the 
plateau of Pengalengan. 


4. As is proved by authentie specimens preserved at Leiden, the . 
plants collected on and near the Pengalengan plateau have often 
similar labels to the Bambusacea spec. indet. of Jungnunn, here in 
question. 


5. The herbarium specimen of Dr. Pvıır, no. 3173 was also 
collected near the Pengalengan plateau in the Preanger, and also at 
an altitude of 1600 m.; the species is not yet known from any other 
locality. Taking this into account, there seems little doubt, that Miqukı’s 
words “bij Pekalongan’ etc., under Junsuuun’s Bambusacea, should 
be deleted and should be replaced by: in the Preanger, at 3000— 
6000 feet (1000—2000 m.) probably on or near the plateau of 
Pengalengan discovered in 1839 by JunGHUHN, and called there 
according to JUNGHCHN Dambu-ö-0 (Sundanese;). 

According to verbal information, which Dr. PuLLr was kind enough 
to give me, his Bambusacea no. 3173 was called by the Sundanese 
Awi-eueul. Here I adopt the same transliteration as was used by the 
late Dr. J. BrAnDEs and most other authors, for the Sundanese eu-sound. 

I now consider the word Bambu-ö-ö- a less correct transcription !) 


1) In Java all the species of Bamboe are invariably referred by the natives to 
one of the following genera: Bambu (Malay) =. Awi (Sundanese); Pring (Low 
Javanese = Deling (High Javanese). 

Hasskarı, writes Awi-ülül (Sundanese) for his Bumbusa elegantissima, Hassk. 
Piant. Jav. rar. (1848) 42; Migq. Fl. Ind. Bat. Ill (1885) 420 = Beesha elegantis- 
sima (Hassk.) Kurz — Melocanna elegantissima (Hassk.) Kurz. = Schizostachyum 
elegantissimum (Hassk.) Kurz in Indian Forests I (1876) 347. — About an authen- 
tic specimen of Schizostachyum eleyantissımum (Hassk.) Kurz Mr. J. S. GAMBLE 
was so kind as to give me the following, valuable information: “I have here, belonging 
to my Herbarium and probably a duplicate from Caleutta, authentic pseudophylis 
— large things 12 inch long and 6 inch broad and very hairy, marked in Kurz’ 
own handwriting “Melocanna elegantissima”. They do not look at all as if they 
could belong to Dr. Pure’s plant (GAamBLE msc.). Lateron, when the additional 
from his plant asked for from ‘Java by Dr. Purız of one’ of his friends in the 
Preanger will be received here, I hope there will be an opportunity for giving 
more information on this interesting species. 
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for Awi-euenl, because among the Sundanese bamboo is not called 
«bambuw” but “awi”, and because the “specific” name ö-5 would 
probably be more correetly written eu-eu or perhaps better still eueul. 

It is a remarkable fact, that during the eourse of more than half 
a century the natives have evidently used practically the same “specific” 
name eueul or eueu to designate a species, which for so long a time 
remained imperfeetly known to science. This faet is also of importance, 
in that it will be possible, by means of this constant native name, 
to find the species on the spot, for further study and in order to 
obtain the seeds und fruits, as yet unknown to science. 

The specimens of JungHunn’s collecting number 143 are now regis- 
tered in the Herb. Lugd. Bat. as H. L. B. n. 901, 7—617—618— 
619—- 620. 

According to the description !) of his journey, JuUNGHUHN botanized 
for some time in October 1839 in the same high mountain regions, 
where Dr. Puz1e found his flowering (Oreiostachys. He does not, 
however, mention in that publication the plant which was later 
referred to by Büse l.c. and by Migurn l.c. as Bambusacea spec. 
indet. In any case, I have been unable to find anything in the deserip- 
tion of the journey, which would give certainty regarding my surmise, 
mentioned above and still regarded as probable, that JungHUHn’s sterile 
specimen was collected in 1839. 

Dr. Jonemans, 2nd Conservator at the Herbarium at Leiden, was 
so courteous as to allow me to lend to Mr. GAMBLE a small fragment 
of JunsHuHn’s sterile berbariummaterial of Miqgver’s Bambusacea spec. 
indet. n. 15, which material 1 had examined. 

Mr. GamBLE was thus enabled to supplement his diagnosis of the 
leaves, and further to confirm the eonspeeifie identity found by myself, 
of Herb. Junsaunn n. 143 with Herb. Pur.ve n. 3173. 

l here add without alteration the generic and specific diagnoses 
of Oreiostachys Pullei GaMmBLE, which Mr. J. S. Gamsie F. R. S. 
has kindly placed at my disposal, and beg to thank him heartily for 
his disinterested help, so highly apprewiated by myself. A brief resume 
as to locality, native, names etc. is appended. 


') Jusemuns. Uitstapje naar de bosschen van de gebergten Malabar, Wajang 
en Tiloe op Java, (in Tijdschr. voor Natuurl. Geschied. en Physiol. VIII (1841) 
349--412. 

2) Mr. A. H. BEerkHoUT in Wageningen, late of Dutch East Indian Forest 
Department, was so kind as to inform me, that he observed Awi-eueul (which he kept 
for Bambusa elegantissima) growing common on the slopes of Ihe mountains Malabar 
and Paloeha, bul never in flower. HassKarL (l.c. 42) gives for his Bambusa ele- 
ganlissima: “inter montes Tilu et Malabar provineiae Bandong in terra Preangereana 
copiosissime obviam venit”, To HAssKARL the flowers were also unknown. 
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According to a letter received by me, the flowers and flowering 
branches, referred to in the following diagnoses, have been described 
by GamsLE after the Utrecht herbariumspecimen (Pusız n. 3173) 
and the leaves after the above-inentioned fragment of the Leiden 
specimen (JUngHUHN on. 143 = H. L. B. n. 901, 7—617—618— 
619—620). 


“Oreiostachys, GAMBLE gen. nov. Spiculae 1 florae, ovato-oblongae, 
secus ramos paniculae in racemis brevibus dispositae ; floribus herma- 
phroditis. Glumae subcoriaceae, mucronato-acuminatae, multinerves, 
dorso apicem versus pallide villosae ; 4—6 vacuae inferiores, ab imo gra- 
datim auctae ; florens vacuis simillima ; palea etiam glumis similis sed 
bimueronata, ecarinata, dorso interdum corrugata, quam gluma villo- 
sior, dorso bası interdum rachilla terminali munita. Lodieulae 3, 
breves, nunc obtusae, nunec spathulatae, pilis longis sericeis ciliatae. 
Stamina 6; jilamenta longissima glabra ; antherae elongatae, loculis 
inferne acutis. Ovarium glabrum, ovoideum vel cylindricum, apice 
incrassatum ; stylus basi 3-fidus, stigmatibus plumosis. Caryopsis 
non visa.” 

“Gramina suffruticosa, culmis maxime fistulosis ; pseudophyllis 
scabris, «apice fimbriatis, apieulo brevi. Folia petiolata, cum vayinis 
articulata, mnervulis transversis nullis vel obscuris. Inflorescentia 
in culmis aphyllis ; ramis- longis vel brevibus vertieillatim dispositis, 
sed vaginis et pseudophyllis munitis, quam masxime decomposita.’ 
(J. S. GamBLE msc. 28. I. 1908 in Herb. Acad. Icheno-Traject et 
Herb. Acad. Lugd. Bat.) 


“Oreiostachys Pullei, GamBLE spec. nov. Suffrutex scandens 
10 m. altus (fide cl. PuıLr) ; culmi inter nodos maxime fistulosi ; 
nodi annulati ; pseudophylla straminea, scabra, ore longe fimbriata, 
apieulo brevi. Folia tenuiter membranacea, :lineari-lanceolata, apice 
longe setaceo-acuminata, basi inaequaliter cuneata, margine et apice 
scabra, supra laevia infra paullo asperula et ad costam prope basın 
villosula, 12—20 cm. longa, I—3 cm. lata ; costa subtus lucens, nervi 
utringue 5—8 haud conspicui, nervulis transversis perobscuris ; vaginae 
glabrae striatae, apice cilüs paucis albis vigidis munitae ; ligula lon- 
giuscula puberula serrata. Inflorescentia in culmis florentibus ; pani- 
culae ad nodos vertieillatae, ramis longis vel brevibus, ad 10—12 cm. 
longae ; spieulae in ramulis racemosis pauciflorae, acutae, 1O—15 cm. 
longae, 2—3 mm. latae, 1-rlorae ; rhachis anyulata, sinuata, scabra ; 
bractene multe foliosae folüs similes sed vaginis mijoribus. Glumae 
vacuae 4-6 subcoriaceae, ovatae, longe mucronatae, 5—1ö-nerves, 


( 686 ) 


nervulis transversis obliquis frequentioribus, dorso scabrae et sub apice 
albo-villosae; gluma florens vacuis simillima, 12 mm. longa 5 mm. lata ; 
palea etiam ‚Hlorenti similis et aequilonga, bimucronata, dorso rotun- 
data, ecarinata. Lodieulae 3, 1—1.5 mm. longae, basi cumeatae, apace 
obtusae, longe albo-fimbriatae ; interdum elongatae, spathulatae (am in 
tloribus morbosis?) 7—8 mm. longae, longe ciliatae. Stamina 6 ; fıla- 
menta longissima ; antherae 7—7.5 mm. longae. Ovarium 1—2 mm. 
longum, ylabrum ; stigmatibus plumosis plerumque plus minus coalitis. 
Caryopsis non visa. (J. S. Gamer msc 28. I. 1908 in Herb. Acad. 
Rheno-Traject. et Herb. Acad. Lugd. Bat.), 


Geographical distribution: OutsideJava:unknown. 
In Java: Only in Western Java, in the Preanger, at an altitude 
of 1000—2000 m. Here only represented by two collecting numbers 1) 
in virgin forest, probably in 1839 on or near the plateau of Penga- 
lengan (JunsHuunn n. 143, in Herb. Lugd. Bat. sub n. H. L. B. 908, 
7—617—618—619—620. — branches which only bear leaves) and 
2) in the Wajang-Windoe mountains, near the tea-plantation Malabar 
in virgin forest, at a height of 1600 m. above sea-level (A. PuLLE 
n. 3173 in Herb. Rheno-Traject. Suffruticose, climbing, 10 m. high. 
Spikes dark violet. Flowering without leaves. This species of Bamboo 
has not flowered for a very long time, according to verbal information 
obtained locally. Flowering branches collected on June 25, 1906). 
— Native name: Awreueu or Awi-eueul (Sundanese) near 
Pengalengan. 

This species is phyto-geographically very interesting, because 1) 
this monotype represents a genus, which according to GAMBLE (see 
above), is more nearly related to the genus Sasa SHIBATA, oceurring 
in Japan, but absent from the Malay Archipelago, than to the other 
genera of Gramineae-Bambuseae, represented in the Archipelago by 
numerous wild species ; 2) because in Java, according to my numerous 
journeys, nearly all wild-growing Bambusaceae only occur below 
1600 m., while Oreiostachys Pullei GAMBLE, was found growing wild 
by Purnus 1600 m. above sea-level, 3) because this species appears 
to be endemice in Java, and seems there to be localized in a few 
mountain regions of the Preanger. 
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“A method of cold injection of organs for histological 
purposes”. By Prof. H. J. HAMBURGER. 


For a considerable time the want has been felt of replaeing at 
injeetions for histologieal purposes the warm substance, for which as 
a rule stained gelatine was taken, by a cold one; not only because 
when using a warm mass the technical diffieulties, which are great 
already, are rendered more complicated still, owing to the care neces- 
sary to keep organ and mass at bodily temperature, but also because 
in a warm waterbath the structure of the tissues is frequently im- 
paired. Therefore Taeuchı proposed in 1888 ') to use for this purpose 
a suspension of Japanese Indian ink in water, but Grosskr *) pointed 
out as a drawback that on further treatment of the sections the 
isolated grains not seldom drop, if not out of the smaller yet out of 
the larger vessels; whilst already at the cutting they are not seldom 
dispersed over the surface of the section. He therefore tried to find 
a fluid which could easily be solidified after the injection and found 
that the white of a hen’s egg cut and afterwards filtrated answered 
this purpose very well. 

When we too wished to apply this method the difficulty made 
itself felt, that in this manner we could not obtain the mass in a 
sufficiently fluid state. When according to tbe prescription we rubbed 
the piece of Indian ink over the plate of ground glass a membrane 
was always formed. Moreover it was found that the suspension thus 
prepared, when kept in a bottle, had become a solid mass after 24 
hours, although evaporation was out of the question. 

Probably this had to be attributed to the Indian ink of which, as 
is wellknown, many kinds are found in the trade. But we did not 
succeed in getting a better one. 

We then tried to obviate this diffieulty by mixing the egg white 
solution with Ziguid Indian ink as is to be obtained in the trade 
under the name of GÜnTHER-WAGNER'sche flüssige Perltusche, in the 
volumetrie proportion of 1 to 1. The result was a thin liquid mass, 
which, when examined under the microscope, contained only extre- 
mely small partieles, which were in Brown’s molecular motion. 

After injection with this fluid the organ was fixed in sublimate- 
formol by which the injected egg white could be preeipitated. After 
the usual washing with water containing iodine, pieces of the organs 
were stained with alumcochineal, and afterwards embedded in paraffin 


1) Archiv. f. Mikrosk. Anatomie, 31,.p. 565, 1888. 
2) Zeitschr, f, Wissenschaftliche Mikroskopie, 17, p. 187, 1900. 
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in the usual manner. On microscopie examination the blood-vessels 
were found to be filled now with a perfectly homogeneous black mass. 

This method has an advantage over that of Grosser in the fact 
that we need not fear the injeetion-fluid becoming solidified before 
the injection; besides the preparation of the suspension requires much 


less time. 


In another direction too we have simplified the method, viz. by 
substituting blood-serum for egg white. A mixture of 3 parts of 
blood-serum with 2 parts of the above named Indian ink gave ex- 
cellent results. 

The blood-serum need not be derived from the same species of 
animal. For injections of caviae or rabbits we got good results by 
using horse-serum or cow-serum, fluids that are easily obtained. 

Here too fixation was brought about by means of sublimate-formol. 

As yet kidneys and liver were microscopically examined. But the 
injection fluid also penetrated skin, museles and brain. 

An attempt to prepare suspensions of carmine grains in serum 
suggested itself now, but these experiments failed as the carmine 
particles conglomerated. Perhaps, however, mixtures of dissolved car- 
mine or of colloidal fluids may be prepared with serum, giving 
good results. 

The above mentioned experiments were made in cooperation with 
Mr. A. F. Ds Borr and Mr. G. A. KALvERKAMP, medical students. 


Groningen, March 1908. 


Mathematics. — “The sections of the net of measure-polytopes M,, 
of space Sp. with a space Sp„—ı normal to a diagonal.” 
By Prof. P. H. ScHourr. 


1. In the first part of a communication on fourdimensional nets 
and their sections by spaces (Proceedings, Febr. 1908) we have i.a. 
transformed the net (C,) into a net (C,,) and a net (C,,); so here 
the regular simplex, the fivecell C,, was not considered. Whereas 
the regular simplex of Sp,, the equilateral triangle, furnishes a plane- 
filling all by itself as well as in connection with some other regular 
polygons, and the regular simplex of Sp,, the tetrahedron, can fill 
the space in combination with the octahedron, it is impossible, as 
was shown in the quoted paper, to find for the regular simplex C' 
of. Sp, other regular cells, which can together fill the space of SE 

This leads us gradually to the question, whether it is not possible 
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to point out one or more polytopes — if not quite regular ones — 
which with (, fill the fourdimensional space. We have here in 
view to give to this question an answer, emanating from the connec- 
tion of a few results formerly arrived at. 


2. We consider the net (M,) of the measure-polytopes M, of 
space Sp, and cut this by a space Sp, normal to a diagonal. This 
work breaks immediately up into two parts. First the section of 
space ‚Sp, with a definite measure-polytope M, must be found, e.g. 
with the one, the centre of which has been taken for origin of a 
rectangular system of courdinates with axes parallel to the edges ; we 
must next investigate how we can prove from this section in which 
way the intersecting space Sp, .affects the other measure-polytopes 
of the net. i 

The answer to the first part of this question can be found by means 
of one of the. two diagrams 1 and 2, which we shall therefore discuss 
successively. Of these diagram 1 is what we arrive at when we project 


BRAAYVOE, 
ID 


Hu Van 


Proceedings Royal Acad. Amsterdam. Vol. X. 
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the bounding elements of M, on the diagonal; it is an extension of 
the second diagram n—5 of the plate, added to the communication 
on the seetion of the measure-polytope M, of the space 5, with a 
central space Sp„_-ı normal to a diagonal (Proceedings, Jan. 1908). 
Here, too, we restrict ourselves to a few sections, viz. to the tran- 
sition forms and to those intermediary forms which bisect the distance 
of two adjacent transition forms ; according to the notation ee 


there, we distingnish the transition forms by the symbols si, 


2 3 4 1 3 
DR the intermediary forms by the symbols Mc Ms, 


Mi HM. 5 Me As these sections have been incidentally already 
found in ne last quoted paper, we can suffice here by a mere 
enumeration; to be able to indicate relations in measure we again 
assume that we have taken half the edge of M, as measure-unit. 
Transition forms. As two sections pM, and qM, of which the 
fractional symbols » and g complete each other to unity, form two 
oppositely orientated positions of the same polytope, we have here 


ee 2 1 
to deal with but two transition forms, viz. = M, and 
5 
2 3 R l ) 
zM, Mi Of these 7 M, is a regular fivecell un ‚ whilst 


2 

; Mi is formed (see Proceedings, page 488 under n=6) by trun- 
i (41V 2) 

cating a fivecell C; at the vertices as far as halfway the edges 

and hence transforming it into a polytope (10, 30, 30, 10) with 

edges 2/2; for the last form Proceedings, page 503, can be 

compared. 


Intermediary forms. Of the threeintermediary forms —M en S M, 
1000, 

3 2 Mi : i (v3) 
er M, 0 M: the first is a (5 , the second (Proceed- 
ings, page 488 under n=1) a fivecell Ra“ " kruincased as far as 


a third of the edges, passing by this proceeding into a polytope 
(20, 40, 30, 10) with edges V’2, the third (Proceedings, page 487 


Ca) 
under n=5) a (5 truncated as far as three fifths of the edges, 
which has on account of this passed into a polytope (30, 60, 40, 10) 
with edges V 2. 


We shall now pass to diagram 2 where the plane through two 
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opposite edges PQ, P'Q! intersecting the diagonal P'Q has been taken 
as plane of projection. The projection of M® on this plane is the 


@ 6 P A 


NK 


Fig. 2. 


rectangle PQQ'P' with edgss PQ=2, PP'’—=4, which is divided 
by three lines parallel to PQ into four equal rectangles. The inter- 
secting space Sp, passing through the centre () stands according to the 
perpendicular /, erected in O on the diagonal P'Q, normal to the plane of 
projection. If we suppose (Proceedings, page 491) a few measure- 
polytopes M®, which are laid against each other in the direction 


of the edge PQ on either side, to be united to a prism of which 
the basis is an M{2) and the edges normal to OA have the direction 


PQ, then the section of the space Sp, through 0 with this prism 
is a rhombotope Zth, of which AA’ — with a length of 4Y5 — 
represents the axis with the period 4. Comparison of this rhombotope 
with the measure polytope M%@ of M%) Iying in the space Sp, per- 


pendicular according to m on the plane of projection sbows us 
that the rhombotope can be obtained by stretching this polytope 
M%) in the direction of the diagonal CC' to an amount of OA: OC=y>. 


This rhombotope is truncated perpendicularly by the spaces Sp, 

 projeeting themselves in the points of intersection DB, B' of the axis 

AA' with the sides PP, QQ' of the rectangle. lf again we make 
47* 


( 692 ) 


use of the annotation a (p,q) formerly introduced (Verhandelingen, 
vol. IX, N°. 7, page 17) then the central section is a polytope 


35 
4y5 G 3) and we find, omitting the length of axis 4V’5 alike 


for all sections, for the transition forms and the intermediary forms 
deseribed above the following rhombotope symbhols: 


Mm 0,2 
DE a AN 3 


Nas 


1 1 
3 13 ;=(9 7). 
NM, =lwi-], 
10 8 8 9 12 
5 35 m=(G )' 
Da E ;) 3 3.48 
7 57 sp): 
n=( ) 
8 4 3 4 
7 5 rar 
8 


= [2>) 
a 
I 
EN 
oo| wo 
N 


3. The second part of the question, viz. how the intersecting space 
Sp, affeets the other measure-polytopes can now be answered by 
means of analytical geometry as well as by descriptive geometry. 

With reference to the system of coordinates assumed above the 
centres and vertices of all cells M(® of the net have all nothing but 


integers as coordinates, the centres only even integers, the vertices 
only odd ones. From this follows in general that the distances from 


5 
the centres to the central space >; = 0 are multiples of fifth parts 
l ö 


of the diagonal, those of the vertices to the same space odd multiples 


of tenth parts of the diagonal. In this way a space of intersection 
5 


EEE in general furnishes five different sections of which the 


fractions placed before M, differ respectively ne If the space of 


intersection passes through a vertex we find the transition sections: 
if it passes though a centre we find the intermediary forms. 

We arrive at the same result by diagram 2. If we allow the same 
space Sp, bisecting perpendicularly the diagonal P’Q of the central 
cell to intersect the right adjacent cell with the diagonal PQ" 
then the segment QO cut from the diagonal of the central cell pasads 


( 693 ) 


: : 1 
into PR, which means a decrease of QS=zaP, and this is 


repeated every time a cell is taken further to the right. If we exchange 
the central cell by an other one of which the projection P,P.Q.Q, 
covers for three fourths that of'the central one, then QO passes into 


> R si . 
Q,R’, again a decrease of 5: and this too is repeated every time 


the projection moves onward in the direetion PP’ to an amount of 
PP,. So here too we find five different symbols pM,, of which 


' 
the fractions gradually increase with gi With the aid of the above 


table this result of the notation pM, can be transformed into that 
of the rhombotope symbols. 

We have now answered the question put at the commencement. 
If we wish to fill Sp, with C, and a single other groundform, then the 
form (10, 30, 30, 10) with the same length of edges can do service ; 
both forms appear then in two oppositely orientated positions. If by 
the side of C, we allow two other groundforms to fill Sp, , we can make 
use of the forms (20, 40, 30, 10) and (30, 60, 40, 10) of the same 
length of edges; if we take into consideration difference in orien- 
tation, then this space-filling demands five forms. And if one does 
not object to connecting more than two really different groundforms 
we can take the five forms 

Ba 1 
20 20 20 20 20 


1 1W,5 5.9 9 13 13 1 
(es). Gr): (ori): (ern): (1) 


of which the first is a (,4VY®); these appear in only one position. 


M 


5’ 


4. Before passing on to the general case of ‚Sp. we indicate the 
shortest way, by which one can calculate the number of component 
parts when filling a fourdimensional block of one of the found forms 
but of k-times larger linear dimension. To prepare the general case 
of an arbitrary n we introduce a simpler notation. We distinguish 
the transition forms and the intermediary forms by the letters T’and / 
and then indicate by exponent — this, to avoid rootsigns, in V’2 as 
new unit — the size, by a footindex the place of the section. We 
then represent the polytope, formed by truncating regularly a regular 
fivecell with a length of edges pY’2 at the five corners to the frac- 
tion g of the edge by the symbol 95%. Thus each of the five dif- 
ferent forms is represented by four different signs as follows; 


1 11) A) 

= 5)= Iı = Ss 1 ) 1 (2) (2) 

n ee (0,4)= gi 
13 a) 10(8) 

ne hen ae, 

10 8’8 3 2.0) Imre (2). EL 

a WE 

52.) 3.65 Y 8_0|5 

ale ss =|l—,— el — —S 

10 8’8 5 


7,8 9,2 
whilst the forms appearing past the middle 1705 ‚795 and 


. . (l) CD) 
a mM; u ” of opposite orientation are indicated by /2, /-ı 
B) 


ee 


amd nd: 
By considering the truncated fivecells 9S(,, we find immeditately : 
k 2k ; 
1 > r 
(k) (8) (k) 
ll —5I 
I 1 1 a) 
k k 2 
ee 
k k 3k k 
6% . use; ln ae 


Of these relations e.g. the last one is deduced in the following 


3 k 3 
way: The form / = SE "appears by truncating the fivecell 


k 5k 3 
se Zen n to of the edges. As each two of the five polytopes 
k k E 
5 ae, which are taken off by the truncation, have an 
(k) Ce a (5k) 
$S =Jı in common, we subtract when diminishing 7, by 


3k k 
Sur, ten times MR E00 much. 


Together the equations (1) lead to the relations of volume: 
2% k) 2% k k 
De en 


k 
7 


1.7: AOui wies ro 5 


where RCP is the rhombotope formed by the required stretching of 


2 
an mM: en the direction of a diagonal. If the number 384 is 


2k 1 k 
deduced from the remark that 7 a sr; RK en the two relations 


2(16+17)=384 , 2(1+ 76) + 230 = 384, 
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(2%) 
which express that R_ can be built up either out of the four forms 
(2k) RE k 
T; or out of the five forms / Re can Serve to control. 


We shall now indicate at full. length how the obtained relations 
will serve to get us over the entire difficulty of the determination 
of the demanded numbers. To this end we notice that the vertices 


of the A° measure polytopes J/ 5 forming together a block M an 


project themselves on a diagonal of that block except in the ends 
in the 5%--1 points dividing this diagonal into 5% equal parts. If 
we indicate (diagram 3) the 54 + 1 points obtained in this way on the 
diagonal by 4,,4A,,A,,..., Ask, then the segment A,A, bears the 


projection of a single MS, the segment A,4A, that of a group of 
five, the segment A,A, that of a group of fifteen measure-polytopes, 


ete., where the numbers 1, 5,15, ete. of the measure polytopes with 
the same projection are the coefficients a, of the terms a» in 
1+2+°+...+.@1) for p=0,1,2, etc. When determining 


il 2%) k x h 
the section 5 M : we find that the intersecting space Sp, hits the 
diagonal of projection in the point of division Ar, from which ensues 


that the groups of polytopes M “2 corresponding to the coefficients 
Ay Ay. .-dk5 are not yet cut, the groups corresponding to the coefli- 
cients Ar, Ak+ı, . . dass Are no more cut, so that we have but to 
deal with the four groups shown to the right of the diagram: 


(2) (2) (2) (2) 
a3], are le , ar Lv: 


Now for the coefficients a, the particularity appears that for p<k 


they can be represented as binominal coefficients viz. by the equation 
,=(p+%s 
whilst for greater values of p they are “gnawed’” binominal coeffi- 


eients. So we find here immediately 


2 k (2) (2) AC) (2) 
ee, Zen 3er d,n 14V, 174,7.) 


and in quite the same way 
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ED LH IHR IN HE), IHR, 8) 
which two relations in connection with the ratios of volume lead 
back to the identities 

KF=(k+3, +11k+2, +11 +1, +, 

@k+1 = (k+4),+ 76043), +230(k+2), + T76(k+1), + 

From (1), (2), (3) we can now easily deduce all results. To prove 
this we mention for the two cases, in which the block consists of 
an even or of an odd number of measure-polytopes, the composition 
of the Kar section in-the form 


2 (2) 
Da R ke | (23F 1) 7) -F@Sr +1) + 
(2) (2) 
+ (23° —1) 7, + (23% +11) a 
Kun 


— Me+ 1) jesr + 28% (27° + er 
+ (236° + 23k + (1% es =] 
= s (115 + 230% 4 185% + 706 +12) IS. 


5. We shall now consider in the space ‚Sp, the net of measure- 


polytopes M ® and shall discuss the transition sections and the inter- 
mediary forms situated in the middle between two adjacent transition 
sections furnished by spaces Sp,—ı perpendicular to a diagonal. We 
then find 


(0 5) an Eu ı en (° =) ae s” 
er 
nn Mn = = 2’ in- 5)” =13 = ;“ | un 5; Ken a) = 
for n even | | for n even 

ur (3 Eur u 
for n odd for n odd 

1 


2 


2) (n-2 nn 7” n-2_ n-1, ce) /n-3 n- (2 3 
eu Re ANRR AR 6 ae 
en 5)=! it er | 2n Er (er 
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lf we restriet ourselves t6 these forms and if again we do not take 
the transition form consisting of a single vertex into consideration, 
we have in both cases to deal with n different forms, namely for n 


EUR = AR ol ' 
even with 2 transition and Se intermediary forms, for n odd 


er 1 . 
with = (rn — 1) transition and z (r —+ 1) intermediary forms. Thus we 


get again in Sp„—ı two more or less regular space-fillings in which 
the regular simplex of that space shares. 
In connection with the symbols „S%) the relations hold here 


(1) (8) () 
So] @)islı 

(2) (4) (2) 
R=h —(nıIı , 

(1) (5) (3) (N) 
Is = JIı — (n)ı Iı + (n)a ]Iı 9 


12 (6) ©) (2) 
Ta = Iı — (n)ı IR + (n)a I, 9 


which leads 
for n even to 


(2 (n) (n—2) (n—4) (4n—1) 
u a AD a RER SE a eg 
for n odd to 


(1) (n) (n—2) n—4 Z(n—1) 
a ee 


whilst the ratios of volume are determined by 


2 (1) (2) (1) 
FE 7; T, sr 
—— = ———— m —  —  — —— —ete, 
1 Dm—l Anl (n), 4n—1— (n) 2r—1 De (n),3r il +( ), 
Farthermore the formulae of reduction hold: 
k) 2 (2) 2) 
Fi ae a Ti ? +(k+n—3)—ıT2 + ::..+(k)n—ı T_ı M) 
(2k--1) (l) (1) kan) 
1, —=(k+n—1),-ı I, +(k+n—2),—ı I; +..4+ (kn 9a: 


which enable us to calculate the number of the parts of different 
kinds, into which a block of (2%) or (2% 1)" measure-polytopes 
Mm” can be cut up. | 

As an example, which gives something to calculate, we consider 
the case of the middle section perpendicular to the diagonal of a 


2 B ‚ 
block of 10" measure-polytopes M ni We then find in connection 
with the relations 
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a: 75 N Tygma-sk 
ı 502 14608 88234 156190 9!’ 
where R represents the rhombotope that is the sum of the nine forms 
Ti,.0Tas-Zuitr Taler Tin: Das, mal 


starting from 


20° 60 (40) (20) 
Mio EEE eier Sohn 
by applying 


k | 3 7 ” 
N =(0R+ ST +OR+ MIETE +... 4 (10867 


for k— 5,4, 3,2,1 after some caleulation the result 


En. a A 
394713550 (T, + 71) + 410820025 (75 + T) 


a I. 1183 
+ 422709100 (73 + 73) + 430000450 (7; + T_,) 


2 
1 482457640 TV, 


which after substitution of the relations given above leads back to 
the identity 


2% 9 2 
en 


Physiology. — “The electric response of the eye to stimulation by 
light at various intensities’. By W. Eıntnovsn and W. A. 
JoLzLy. (Communication from the Physiological Laboratory of 
Leiden). 


Although the electrical response of the eye to stimulation by light, 
which was discovered by Horm6Ren has since been studied by 
numerous observers, there has not so far been undertaken a systematic 
investigation of the electromotive changes which are caused by 
stimuli of very varying strength. Such an investigation, however, 
can as we hope to show, contribute not a little to our comprehension 
of the retinal processes. 

We have in our work employed exelusively isolated frogs’ eyes. 
_ We have been enabled on the one hand by means of the string 
galvanometer, which for the’ retinal currents may be regarded as the 
most sensitive instrument available, to record and measure very 
weak electromotive forces, such as are evoked by light of extremely 
low intensity; on the other hand we have tried by a suitable 
system of lenses to concentrate light of as great intensity as possible 
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upon the retina of the eye under observation. The rays proceeding 
from the crater of an arc lamp, which passed through a collimator 
slit in close proximity were dispersed by a speetroscopic arrange- 
ment and from the spectrum so Obtained any desired portion could 
be isolated by a simple device. 

If we made use of rays lying between the wave lengths 2 —= 0,590 u 
and 2 = 0,497 u, whose green central part — about 2 = 0,54 u — 
may be considered to have relatively a very strong effect on the 
eye'), we could by the aid of suitably chosen diaphragms vary the 
light intensities in the proportion of 1 to 10°, and with the weakest 
intensity could obtain galvanometric deflections of several centi- 
metres. The arrangement of our experiments did not permit of our 
easily diminishing the light further in an accnrately measurable 
manner, but we hope later to be able to do so. 

In some experiments white light has been used, which of course 
could be taken stronger than the spectral green. In this case allthe 
rays of the visible spectrum lie at our disposal, and the light may 
be further increased by widening the slit or by replacing it with 
the crater itself. According to a rough calculation the intensity of 
the white light used by us, that is to say of the combined rays 
lying within the limits of the visible spectrum, is about 10 times 
greater than our maximum green. The intensities of the weakest 
green and of the white light are thus in the proportion of about ?) 
110 10°. 

If the isolated eye, which has not shortly before been exposed 
to strong light, be illuminated by rays of intermediate strength a 
form of curve is obtained similar to tlıat recorded by previous 
observers °). 

The current is led off from the cornea and the posterior surface 
of the bulbus. The current of rest is compensated in the usual way 
and. the connections with the galvanometer are made in such a 


ı) Cf. F. Hınmstepor and W. A. NaceL. Die Verteilung der Reizwerte für die 
Froschnetzhaut im Dispersionsspectrum des Gaslichtes, mittels der Aktionsströme 
untersucht, Berichte der Naturforsch. Ges. zu Freiburg i. B., Xl, 1901, p. 158. 

2) The intensities of the light used will later be communicated in absolute 
m.easureınent and at the same time the accurate proportion of the intensities of 
the green and white will be given. 

3) Of. for instance FrAncıs GoTcH, The Journal of Physiol. 29, p. 388, 1903. 
Ibid. 81, p. 1, 1904. Hans PıPER, Engelmann’s Arch. f. Physiol. Suppl. 1905, 
p. 133. E. Tu. von BRückE u. S. GARTEN, Pflüger’s Arch. f. d. ges. Physiol. 
120, p. 290, 1907, the latter of whom give a critical review of the literature 
dealing with the subject. The observers mentioned have all made use of a quickly 
recording measuring instrument. 
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manner that a current passing from the cornea through the instru- 
ment to the posterior surface of the eye deflects tlıe image of the 
string in an upward direction. An action current in this direction 
may be termed positive, and in the reverse direction negative. 

On momentary illumination of the eye there is observed a small 
preliminary negative deflection which is immediately followed by 
an upward movement of the string. After a somewhat acute peak 
tbe eurve sinks, at first rapidly then more gradually, but while 
still distant from the zero line it mounts again. This latter ascent 
begins a couple of seconds after the beginning of the illumination, 
and the second summit, which is reached much later, often consi- 
derably exceeds the peak in height. Finally the curve gradually 
regains the zero line. 

If the illumination be continued for some time, a new elevation 
oceurs at the moment of darkening whose height is greater the longer 
the illumination has endured. 

The complicated form of these curves and the striking fact that 
a deflection in the same direction takes place both on illumination 
and on darkening suggest that there are in the eye two or more 
different processes occurring partly simultaneously partly successively 
whose fusion determines the form of the electric reaction. 

Further investigation confirms this suggestion, and if recourse is 
had to very weak or very strong light it seems even to be possible 
to bring about a separation of the supposed processes. The pheno- 
mena are explained in the simplest manner by the assumption that 
the processes are three in number, whether they are together depen- 
dent upon the same substance or each upon a separate one. For the 
sake of convenience we shall speak of three substances and as we 
do not intend in the meantime to attempt to define them anatomically 
in the eye, we prefer to try to describe. their characteristics and to 
mention the conditions, under which their effects appear as pure 
as possible. 

The first substance. 

The substancee which we have termed “the first” reacts more 
quickly than the other two. On lighting it displaces the image of 
the string downwards, on darkening upwards. Its effect can with 
difieulty be obtained pure. but nevertheless it is very marked in a 
light adapted eye, — which for the sake of brevity we may call a 
light eye‘) — and the more so the stronger the illumination has been. 

In the nature of the case the darkening stimulation can be taken 


!) An eye which is dark adapted may be called a dark eye. Both terms are 
analogous to “Lichtfrosch” and “Dunkelfrosch” which are commonly used, 
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very strong in a light eye, and accordingly an eye which has been 
illuminated strongly develops on darkening a huge positive potential 
difference. The upward deflection so evoked can however not be of 
long duration, because_by the darkening the light eye is beginning 
to be changed into,a dark eye and therefore the effeet of our first 
substance is no longer so clearly indicated. 

Although in the light eye the conditions are less favourable for 
the lighting than for the darkening stimulus it is nevertheless possible 
to apply the former in either of two ways. In the first place we 
may suddenly increase tlıe intensity of the light that is radiating on 
the eye, and secondly we may darken tlıe light eye for a short 
period, so that it has not yet become a dark eye and then suddenly 
illuminate it. 

The second method gives better results than the first and we 
possess numerous curves where after a short darkening of a light 
eye a strong light stimulus was applied. The “on effect” ') is a steep 
downward deflection and attains the considerable amount of 120 to 
130 mierovolts. It is true that it is followed immediately by an 
upstroke, the latter however is but small in comparison with the 
strong upstroke which under similar conditions is evoked in a 
dark eye. 

The second substance. 

The second substance reacts less quickly than the first. On lighting 
it moves the string with moderate velocity upwards, and on darkening 
slowlIy downwards, thus on applying stimuli of the same kind it 
develops potential differences which are opposed to those of the first 
substance. Its effect appears almost unmixed in a dark eye which 
is illuminated for a short time by weak light. 

If when illuminating with light of very low intensity, the darkening 
follows rapidly upon the lighting, in a similar way as in a momen- 
tary illumination, there is recorded a curve of simple form, with a 
steeper anacrotice part which is evoked by the lighting and a less 
steep katacrotie part evoked by the darkening. The top of the curve 
lies, within certain limits higher the more the energy of the illumi- 
nation is increased either by using greater intensity or longer dura- 
tion of the light. These limits are determined by the functioning of 
the other two substances, which when their effects become perceptible 
influence the form of the curve aud considerably complicate it. If a 
strong momentary illumination bo applied there appears a short 
negative preliminary deflection by the function of the first substance 


1) A convenient expression introduced by GoTcH. 
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and the very slow second elevation which follows must be attributed 
to the functioning of the third substance. 

The third substance. 

The third substance reacts in the same direction as the second 
substancee but more slowly. On lighting it displaces the image of 
the string slowly upwards and on darkening still more slowly down- 
wards. So much slower is the third substanee than the other two 
that its effeet in a recorded curve appears as a rule almost entirely 
isolated, and thus can be easily followed. 

The effect of the third substance falls out under two conditions 
(1) In a fully light adapted eye and (2) in a dark eye submitted to 
very faint light for a short time. 


Specially remarkable are the curves obtained if the duration of 
the lighting of a dark eye is systematically changed, and we wish 
to direet attention more particularly to the “off effect”’ in such cases. 
If the duration of the light is very short and the light is weak, then 
as already mentioned the effects of the second substance appear 
unmixed. The off effect here consists in the descent of the curve to 
the zero line. 

If the duration of the light is taken a little longer, and the effeet 
of the other two substances begin to become perceptible, the off 
effect is determined by the resultant of three forces: The first sub- 
stance tends to displace the image of the string upwards. It is at first 
acting weakly but its strength increases regularly during illumination 
so that it soon surmounts the effect of the other substances. In the 
case of longer lighting the off effect therefore is always an upward 
movement which increases with the duration of the lighting. 

The second substance tends to depress the image of the string, acts 
first with moderate strength but decreases gradually during lighting. 
As the second substance in particular is acting in a dark eye the 
conditions for its functioning ‘grow during the illumination more 
unfavourable. A strong darkening effect can not be expected in a 
dark eye. 

The third substance is so slow, that the darkening effects of the 
first and second take place usually at a moment when the third 
substance is still tending to displace the string upwards. The darkening 
effect of the third substance itself, consisting in a slow descent of 
the string, appears much later and fairly isolated. 

The general result is that we can observe in a series of eurves, — 
obtained from a dark eye where the light has been gradually 
lengthened in duration, -— that the darkening effect, in the first 
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eurves a negative deflection, becomes in the later ones a positive 
deflection. The latter, on further lengthening of the duration of light, 
gradually increases in size. In the confliet between negative and 
positive deflections, there“ is sometimes seen an upward movement, 
which is immediately :preceded by a small downward one. 


Of the various particularities which occur in the course of the 
experiments we shall only briefly mention the latent period. The 
duration of this period is dependent to so high a degree upon the 
intensity of the illumination, that it is possible to some extent to judge 
of the intensities of light used by previous observers from the latent 
periods recorded by them. With very weak lighting there appear 
latent periods of the second substance which may exceed two seconds. 

In opposition to GorTcH and GARTEN WALLER!) also mentions 
latent periods as large in amount as we have observed and others 
much larger, but as WALLER in bis experiments made use of a slow 
Tnomson galvanometer, there remained the possibility that there were 
two opposite forces which at first neutralised one another and then 
after an interval one obtained the mastery. The forces assumed by 
WALLER agree with our first and second substances. 

A more detailed description of our experiments accompanied by a 
reproduction of some of our curves will appear elsewhere. 


Geophysies. — “The height of the mean sea-level in the Y before 
Amsterdam from 1700—1860”. By Prof. H. G. van DE SanDE 
BAKHUYZEN. 


Our section has been engaged in former years with an investigation 
of the subsidence of the land in the Netherlands, and it is especially 
to Dr. F. J. StTamkArT, member of the committee for that investigation, 
that we owe several important communications on this subject. 

Twenty years ago, when caleulating the results of the precise 
levelling, I made some computations in order to determine the 
subsidence of the land but have not published them. The interesting 
paper on this subject of Mr. Ramazk, head-engineer, director of the 
hydrographie survey, has now induced me to re-examine my former 
notes and as they perhaps may contribute towards the solution of 
the problem, whether the land under Amsterdam has subsided since 


1) Avaustus-D. Warzer, Philosoph. Transact. of the Royal Soc. of London, 
Ser. B, vol, 193, p. 123, 1900, 
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1700, I intend to publish them here as a continnation to the earlier 
reports of the ““Comittee for the subsidence of the land.” 

My results have been chiefly derived from the heights of the water 
inthe Y before Amsterdam, recorded from 1700 to 1860 at each hour 
of the day and at each half hour during the night in the town’s 
tidal station situated at the present fishmarket near the “Nieuwe 
Markt.” Part of them occur in two communications of STAMKART 
(Verslagen en mededeelingen der Kon. Akad. van Wetenschappen 
Afd. Natuurkunde, 15° deel 1863, p. 59—69 and 17° deel 1865, 
p. 261—303) and some in STAMKART’s posthumous papers in keeping 
of the Academy. 

The way in which these observations were made is described as 
follows by Dr. Stamkarrt in his paper in Vol. XVII p. 273. The 
tidal station was erected above the water; in the wooden floor of 
one of the rooms was a hole through which a gauging rod carrying 
a mark of the A.P. (zero of Amsterdam) was plunged vertically into 
the water so far until a notch of the rod caught on the wooden 
floor. The height to which the gauging rod was wetted showed the 
level of the water with regard to the zero on the gauge. 

In order to draw reliable conclusions about the level of the North- 
sea on our coast based on the results of the water-level in the Y, it 
is necessary to investigate whether during the period under conside- 
ration variations have occurred in the influx and the outflow of the 
water of the Y before Amsterdam, owing to changes in the depth and 
width of the canals leading from the Northsea to the Y. It is very 
probable that these variations may produce opposed effects on the 
high and the low water and hence give rise to greater variations 
in the difference between high and low water than in the mean 
sea level. The variations of these differences in the succeeding years 
will therefore be a good standard of the changes in the canals. 

From the tide tables of the town’s tidal station we derive the 
following differences between high and low water during 58 years. 


( 705 ) 


TABLE I. 

TE leg Me ae, 
Year | high and | Year | High and | Year | High and | Year | nigh and 

low water low water | low water low water 
1700 } 309 mm. 1805 | 303mm. | 1847 | 303 mm. 
1701 | 38 , 1806 | 322 „ | ısas | 309 „ 
1702 | 331 „ 1807 | 325 „ | 180 | 8 „ 
1703 | 390 „ ısos | 381 „ | 1850 | 302 , 
1704 | 320 „ 1son | 327 „ Fıssı | 3% „ 
1705 | 312 , 1sı0 | 338 „ | 1852 | 39 , 
4706..| 319 „ 4811 | 330 „ [183 | 319 , 
1707 | 314 „ 1812 | 316 „ | ı8ss | 390 „ 
1708 | 308 „ 13213: 393 „lass | 887... 
17090 | 286 185 | 341 „ I ıss6 | 31 „ 
4710 | 218 „ 1343 | 395 „ [487 | 317 „ 
113 | 385 1844 | 213 „ | 1858 | 25 „ 
na | 332 „ 4885 | 310 „ | 1859 | 308 „ 
113 | 392 „ 1816 | 3298 „ | ıseo | 32 „ 
rise) 382. 


If we assume that in each of the 3 periods of 18 years this 
difference has been constant, we find for it: 


in the 1#t period 1700—1717 319 mm. 
de „ . 1796—1813 318 „ 
TAFR En »  ..1843—1860 316 ‚, 


The mean error of a yearly mean is then + 14,8 mm. 

If we suppose that from 1700—1860 the difference has remained 
constant, then the difference derived from all the 58 years amounts 
to 318 mm. and the mean error of a yearly mean to = 14.4 mm. 
Therefore we are justified in assuming that the difference has remained 
constant during the whole period 1700—1860 and was 318 mm. + 
1,9 mm. 

Moreover we derive from this table that between 1700 and 1860 
no perceptible change has occurred in the influx and ontflow of the 
water from the Northsea to the Y, no more than in the mean level 
of the Northsea with regard to the mean level of the Y. 

48 
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As mean level of the Y before Amsterdam with regard to the 
zero adopted in the tidal station (zero of Amsterdam) we shall assume 
the half sum of the high and low water. 

For the same 58 years we derive for that mean the following values. 


TABLE I. 
a an a ne a Er 
Mean | Mean Mean | Mean 

Year | Sea level | Year | Sea level | Year | Sea level | Year | Sea level 
above A.P. above A.P. above A.P. above A.P. 

1700 | — 172 mm.| 1745 | — 166 mm.| 1805 | — 105 mm.| 1847 | — 79 mm. 
1701 |, 169 „ [ir16 |„ 163 „ [1806 |, 69 „ I 188 |, 12, 
4702 |, A148... | 177-1, 159°, 1.1807 5: 9 28 7 Er 
4703 | „ 187 „ 1 4735>] „154°, Tas] „ae 0 
1704), 4146: „ 1170 |, 1942, j 1e0aı, Mae es Teen 
4705 | ,.4179 „1.1775 1°, 89 „ FAsio|, 007%, 1 ee ee 
4706 4 „2489: 4.1 1296.15: 88° u | 84T, Dass a res 
4707 | „460 „| 1797 I, 4187, pas, 105, Peer 
41708 |. 153 „ | 1708 |, 9, aaa), 277 [ass Bee 
1709 | „. 4193. „ 1.1799 |, 136° „ 1 48251, + 51°, 1 1886 7 ass 
4740 |, 467 1, 14800] „184 „| 1837,20 1741857 777 0 
v4) 1ar 0 180) 5, RA | ISES 
12 |, 186, [sr |, 18 „ lies |, 5, ae |, ©, 
4748 | „449 [4803-1 „13% 0, | 18840 297 7son ı De 

ZTIA AG, A060 ek: 0 er | 
| 
These values show that the ınean sea level has not remained 


unchanged with regard to the adopted zero of Amsterdam. This 
becomes still more evident if we form the means of the 3 periods 


of 18 years. We then obtain: 
1708,5 —160,3mm. & 5,9 mm. 
IRSnE 154 22 E 951, 
17149 18341 231 
E7SUO SHSIN He 
18045 —104 , = 59 „ 
1825. WER 5L ZZRIADEENIEN 
1851,57 — 6 2,0 
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If we suppose that during each of the periods of 18 years the 
mean sea level has remained unchanged we derive from the deviations 
of the yearly means from the mean of 18 years a mean error for 
each year of # 25,1 mm. and in the mean of 18 years a mean 
error of + 5,9 mm. 

If on the contrary we suppose that during each of the periods of 
18 years the mean sea level with regard to the adopted Amsterdam 
zero has varied proportionally to the time, we get for the mean 
error of the yearly mean + 24,3 mm. and for the yearly variations: 


from 1700—1717 + 1,57 mm. +1,10 mm. 
„  1796—1813 +014 „ +1,10 „ 
„  1843—1860 — 2,30 „ +1,10 „ 


Hence in the 1°: and 2rd periods, in agreement with the general 
variation of ihe mean sea levels from 1700-1826, the mean sea 
level has apparently come nearer to the adopted A.P., but has retired 
thence in the 34 period in agreement with the variation from 1825 — 
1851,5. Nevertlieless the mean errors of each of these yearly variations, 
+ 1,10 mm., are so large with regard to the variations themselves, 
that we attach only a very small weight to the values found ; only 
to the yearly variation in the 34 period, more than twice the value 
of the mean error, we may attach a somewhat larger weight. If 
we adopt a uniform yearly variation between the years 1708,5 and 
1804,5, this would amount to 0.58 mm.; in good harmony with 
this are the results for 1725 and 1749, but the result for 1775 
shows a deviation of 32 mm. 

We conclude that the elevation of the adopted A.P. above the 
mean sea level has gradually varied and that the variations can be 
considered as partly proportional to time; they cannot however 
be derived exactly from the observations. 

The elevation of the A.P. in the tidal station above the mean sea 
level in the first and the last year of the series of observations, 1700 
and 1860, are according to table II 162 mm. and 75 mm. each 
with a mean error of # 25 mm. In order to obtain for these 
elevation values with a smaller mean error, we may use, upon suppo- 
sition that no sudden variations have taken place in the zero of the 
gauging rod, the elevation observed in closely preceding or following 
years, which must be reduced to the year 1700 or to 1860 with an 
adopted yearly variation. Because the yearly variation is not known with 
great precision, as appeared above, it is desirable that these years 
should not be at a great distance from 1700 or from 1860 ; therefore 

48* 
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I have confined myself to the mean of the 5 years 1700—1704 and 
18561860. To these means we must add the variations during a 
period of two years, which are probably smaller than 3 mm. and 
5 mm. the values which would follow from the periods of 18 
years; instead of these I adopt 1 mm. and 4 mm. and consequently: 


adopted A.P. above mean sea level in 1700 = 164+1=165 mm. 
„ A.P. ”„ „ „ ER) ER) 1860 = 76 44 = 80 „ 


For the mean error of these values I have derived & 12 mm. 

As yet it remains undecided whether the variation from 165 mm. 
to 80 mm. is due to a slow variation in tbe mean level of the North 
sea on our coast, or to a variation of the adopted AP. in the tidal 
station either caused by the sinking of the whole station or of the wooden 
floor, or by accidental or perhaps intentional changes in the height 
of the A.P. on the gauging rod which during the period from 1700 to 
1860 has certainly been renewed several times. 

Some data towards the solution of this dilemma may be borrowed 
from the elevations of the bench marks in the 5 sluices: Oude 
Haarlemmersluis, Nieuwebrugsluis, Kraansluis, Westindischesluis and 
Kolksluis; these bench marks have been established in 1682, and 
consist of grooves cut in stones indicating the elevation of the A.P. 
The good mutual agreement between the heights of the grooves in the 
year 1875 which appeared fram the levelling made by our member 
Dr. Ley (the largest difference between them amounted to only 
8 mm.) proves that those grooves have been placed with the greatest 
care, and makes us confident that in 1700, when the first observations 
in the tidal station were made, the zero on the gauging rod agreed 
well with that on the stones placed in the sluices some years earlier. 

We are therefore entitled to assume with a high degree of probability 
that in 1700 the A.P. on the 5 sluices was 165 mm. above the mean 
level of the Y. 

In 1860 Sramkarr by a levelling has compared the height of the 
A.P. in the tidal station at that time with the heights of two bench 
marks in the tower of the St. Anthoniewaag. He found : 


lower bench mark 3208,4 mm. above A.P. in the tidal station 
higher ,, „31054 mm, i 


” BE) ” 2m >») > 


In the same year Dr. Sramkart and Mr. v. D. Sturr have also 
determined by means of levelling the difference in height between the 
higher bench mark in the St. Anthoniewaag and the grooves in the 
9 sluices (Versl. en meded. XVII p. 277-284). From these observa- 
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tions we derive the following values for the height of the higher 
bench mark above the A.P. according to the mean of the 5 sluices 
in 1860: 

STAMKART PD OTERR mean 

3628 mm. 3624 mm. 3627 mm. 


In the derivation of the mean value we have, with regard to the 
mean errors, accorded a greater weight to STAMKART’s result. 

In 1875 our colleague Dr. Lery by means of a still preeiser level- 
ling under direction of CoHEN Stuart has derived 3622 mm. for 
the same difference in height. 

The differences between the results of 1860 and those of 1875 
may be explained very well by. errors of observation, so that we 
may accept with a high degree of accuracy that the bench mark 
in the St. Anthoniewaag between 1860 and 1875 has not varied 
with regard to the 5 sluices and that in 1860 the height of the 
mark above the A.P. of the sluices was 3623 mm. with a mean 
error of £2 mm. 

If from this value we subtract 3705, i. e. the height of the mark 
above the A.P. in the tidal station found by Dr. Stamkarr in 1860 
we find: 

height of the A.P. according to the mean of the 5 sluices above 
the A.P. in the tidal station in 1860 = 82 mm. 

The mean error of this result is about + 2 mm. 

As in 1860 the height of the A.P. in the tidal station was elevated 
80 mm. above the mean level of the Y, it follows that in 1860 the 
A.P. derived from the mean of the 5 sluices above the mean sea 
level is: | 

S0 + 82 = 162 mm. = 13 mm. 


lf we compare this value with the corresponding value of the 
year 1700, i. e 165, we may conclude that the height ofthe mean 
sea level in the Y, and hence the mean level of the Northsea on 
our coast has not perceptibly varied with regard to the ground 
in which the foundations of the 5 sluices are built. 

The uncertainty of this conclusion may be a by a mean 
error of & 18 mm. 

The 5 sluices are not in close neighbourhood of each other, the 
extreme ones are separated by a distance of one kilometre; hence it is 
over a fairly extensive part of the ground on which Amsterdam is built 
that the level of the land with regard to the level of the Northsea 
has remained unchanged during more than one century and a half. 

With the same degree of probability with which we have derived 


(710) 


this invariability we may deiive from the observations the subsidence 
of the A.P. in the tidal station with regard to the A.P. derived from 
the marks in the 5 sluices, amounting to 165—80 — 85 mm. between 
1700 and 1860. 

The method by which the height of the water in the tidal station 
was obtained and the possible causes of the subsidence of the zero on the 
rod added to the invariability of the 5 groovesin the sluices and hence of 
a fairly large part of the ground of Amsterdam with regard to 
the sea, render the idea very probable that this subsidence has a pure 
local character and that we are not entitled to derive any results with 
regard to the subsidence of a larger part of the ground of Amsterdaın. 


It has often been asked what the Amsterdam zero represents. 
Our colleague Dr. van Diesen has devoted to this subject an 
interesting study in which he has gathered from old documents 
everything which may help us to find how this zero has been 
established. With certainty nothing can be derived from it. But 
the observations show : 1 that in 1700 the A.P. was 165 mm. + 
12 mm. above the mean sea level in the Y, 2 that the height of the 


318 
mean high water was Ener, 159 mm. # 1 mm. above the same mean 


sea level, and we conelude thence that both in 1700 and 1860 the 
A.P. within the limits of the errors of observation agreed with the 
mean high water in the Y. 


Astronomy. — “On the masses and elements of Jupiter’s satellites, 
and the mass of the system (continued), by Dr. W. Dk SıTTEr. 
(Communicated by Prof. J. C. Karrteryn). 


Ill. The great inequalities. 
The values of these, derived from the heliometer-observations of 


1891, 1901 and 1902, have been colleeted in Table III, together 
TABLE Ill. GREAT INEQUALITIES. 


| 
Authority | En | 

FE SENT RE ET 

1891 | 0°509 + 0:018 | 1°021 + 0°013 A 0°059 + 0°007 

4901 0481 4 471109 + 3010-084 

1902 0.3 Bra 0034 + 12 
DAMOISEAU 0:455 1074 0:073 
SOUILLART’S theory | (432 1:026 0063 
Masses (C) 0.430 + 020 | 0-988 + 017 | 0-06% + :003 


et.) 


with their probable errors. The photographie determination of 1909 
has been rejected for the reason which has already been explained. 
From these values of »; have been derived the equations of con- 
dition, which will be given below. 
The arguments of these inequalities are /;+ ®, where 


v=L,—- 4, —=1— N, + 180°. 


Their periods are thus nearly the same as those of the equations of 
the centre, and in a short series of observations, such as those used 
here, the great inequalities are not well separated from the equations 
of the centre. This is the reason of the bad agreement of the results 
from the three series of observations. 

In the eclipses the period of the great inequalities is the same for 
the three satellites, viz: 438 days‘). The periods of the equations 
of the centre in the eclipses have between 10 and 19 times this 
length, and the two classes of unknowns are thus well separable by 
eclipse observations. Here however, there arises a new complication, 
which did not exist in the case of extra-eclipse observations. The 
periods of the inequalities of group 1I, which are between 406 and 
486 days, are nearly the same as the period of the great inequalities, 
and therefore the reliability of the determination of &; from eclipse 
observations will depend in a large measure On the accuracy of our 
knowledge of the inequalities of group II. Thus e. g. with the masses 
(C) the coefficient of the inequality in the longitude of satellite II, 
which has a period of 463 days, is 0 .038. This inequality is entirely 
neglected by Damoıskau (being proportional to e,), and it is probable 
that his value of x, — which, according to the introduction to his 
tables, was derived directly from the observations — will be more 
or less affected by this eircumstance. The same thing is true in a 
somewhat lesser degree of the corresponding terms in the longitudes 
of I and III. 

The uncertainty which still reigns supreme with regard to the 
values of the great inequalities, is disappointing, We may hope that 
the reduction of ihe photometrice eclipse observations of the Harvard 
observatory will contribute to diminisbing this uncertainty. 


IV. The Libration. 

The mean longitudes /,, /,, /,, have been derived from the obser- 
vations of 1891 (Gisn, heliometer), 1892—93, 1893—94, 1894—95, 
1895—-96, 1897, 1898 (Helsingfors and Pulkowa, plates), 1901, 1902 


1) See Laptace. Mecanique Celeste, Tome IV, Livre VIII, Chapitre Il, 
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(Cooxson, heliometer) and 1904 (Cape, plates). The reduction has 
been earried out in Gron. Publ. 17. The masses (A) are the result of 
this discussion. The period of the libration being independent of 
x', it is the same for the masses (B) as for (A). Also the transition 
from (B) to (C) does not affeet this period. It is thus only necessary 
to investigate in how far the change from (A) to (C) affects the 
inequalities of group II, and what is the effect of this on the 
libration. This effeet was found to be so small that a new determin- 
ation of the libration appeared superfluous. The finally adopted 
libration is thus the same as in Gron. Publ. 17, viz: 


T--1895.09 
3— 09158 in —, 
7.00 


where the time T is expressed in years. 

The probable error of the period corresponding to the adopted 
probable errors of the masses (C') is # 0.13. 

The corrections to the mean longitudes on 1900 Jan. 0.0 also have 
been adopted unaltered from Gron. Publ. 17. 

Table IV contains the observed corrections to the mean longitudes, 
with their probable errors as derived directly from the observations, 
and the residuals remaining after subtitution of the final values of 
the inequalities of group II and the libration. The last two columns 
contain the p.e. of the quantity Al, — 3 Al, + 2 Al,, and the residuals 
for this same quantity. 

In .determining the libration from extra-eclipse observations we 
find the mean longitudes for epochs, which approximately co-incide 
with the epoch of opposition, and which therefore are on the 
average separated by intervals of 400 days. This interval differs but 
little from the periods of the inequalities of group II. These latter 
thus ‚present themselves as inequalities with apparent periods between 
6 and 8 years, and are therefore not well separable from the 
libration. In the eclipses this difiieulty does not exist. 

The method of suecessive approximations, which has been used 
in Gron. Publ. 17, to derive from the observations the most probable 
values of the libration and of the inequalities of group II, need not 
| be explained here. It must suffice to refer the reader to that publi- 

cation (see also these Proceedings, June 1907). The residuals of 
Table IV are practically tbe same as those found in Gron. Publ 
17, and they also need not be considered in detail here. Those 
of the satellites I and III are not very satisfactory, as has been 
pointed out there. On this point also the results derived from extra- 
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L-+riBE Fr IE + IF Er) Wr FL HE gen + Ir Fr ee 
Ei Be 1 A En se De 5 a SE Er 
2 U ie > Be 9 ee a EN WA er 1 Eee ee engen 
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y » » . R » s » 5 + N 1 
eclipse observations need confirmation from observations of eclipses.') 


V. Mean longitudes and mean motions. 

The corrections to the mean longitudes on 1900 Jan. 0.0 of the 
three inner satellites have been determined together with the libration, 
and the residuals have already been given in Table IV. For the 
fourtb satellite the adopted correetion is — 0°.030, and the residuals 
are given in Table V. 


TABLE V. Al. 


| | Observed. 5 
Epachi) Eorrection nu Pe: Residual 
| I | 
| 1891 | — 0.0248 | + °0010 | + °0035 | 
1901 — 0384 1 tät 
1902 — 932 | + 16 | — 37 


If the corrections are added to the values adopted in computing 
the tabular places, and then referred to the first point. of Aries by adding 
the adopted longitude of the point 0, we find for 1900 Jan. 0, 
mean Greenwich noon, the values which are given below, sub I. 

In the introduction to his tables DAamoIskau states the mean longi- 
tudes for 1750 Jan. 0.5, mean time of Paris. If we consider these 
as being derived directly from the observations, they require a small 
correction, since DamoIiszAau has used the value 493:.2 of the light- 
time, while in the reduction of the modern observations the value 
4985.46 was adopted. If Damoıszau had adopted this latter vaiue, he 
would have found the same longitudes for an epoch which is 55.26 X A 
earlier, A being the mean distance of Jupiter. The observed mean 
longitudes, in order to correspond correctly to the tabular epoch, 
therefore require the correction ?): 

9.26 


+ ee A, =28 0.000317. n; 

!) It has also been pointed out in Gron. Publ. 17 that the series of extra- 
eclipse observations from which the libration was derived, not being made for 
this special purpose, does not in every respect fulfil tbe conditions necessary for a 
good determination of the libration. 

?) In Gron. Publ. 17 I assumed, on the authority of Cooxson, Cape XII. 3, 
page 56, that Marru’s longitudes for 1750.0 were identical with Damoıskau’s, 
This, however, they are not, Marru having applied the correetion for the change 
in the adopted constant of aberration with the wrong sign. This was pointed out 
to me by Mr. BanacHiewicz, 
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Apnlying this correetion, and carrying the longitudes forward to 
1900 Jan. 0.0, Greenwich M. T., we find the values Il below. 
Mean longitudes For, 1900 Jan. 0.0. 
1 (modern) II (Danmoıskav) 
I, = 142°.604 + 0°.010  142°.645 + °.004 
en II te 007 99 .569 + .006 
1167999 21 ‚007 168 .028 + .008 
I, = 234 .372 + .002° 234.360 + .010. 

The estimated probable errors for Damoiseau do not contain the 
p- e. of the mean motions used for carrying the longitudes forward 
from 1750 to 1900. The uncertainty of DAMmAUszEAU’s mean motions 
has been estimated by the late Prof. OupbrMmans in these Proceedings 
(October 1906). He finds for the four mean motions, in units of the 
eighth decimal place: 

+73 + 55 3737 + 24 

Comparing the values I and II we find the following corrections 

to DaMmoIskAuU’s mean motions: 


dn, = — 0°.0000 0075 + °.0000 0020 
dn, = — 0 .0000 0064 + 16° 
dn, = — 0 .0000 0053 + 20 
dn, = + 0 .0000 0022 + 18 


It is noticeable that these corrections are very nearly of tlıe 
magnitude of the uncertainties estimated by Oupkmans. If these 
corrections are applied, the resulting values do not satisfy the 
condition 

n, — 3n, + 2n, =. 
If, however, we apply the further corrections 
Un ==. n,—=-+3 mn, =—3 
to the eighth decimal place, then the condition is rigorously satisfied. 
The mean motions thus derived are those finally adopted. They are 
n, = 203°.4889 9261 n, — 50°.3176 4587 
n, = 101 .3747 6145 n, = 21 .5711 0965 


These are the mean motions relatively to the point Aries. If the 
sidereal mean motions are required, they must be diminished by 


0?.0000 3822. 


VI. The mass of the system. 
The determination of the mass of the system of Jupiter by NEWCOoMB '), 


1) Astronomical papers of the American Ephemeris, Vol. 5, Part. 5, 
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which has now become a elassie in astronomy, was based on obser- 
vations of satellites, on perturbations in the motion of comets, and 
of the planets Themis, Polyhymnia and Saturn. It seems to me 
advisable to retain of these only the determinations from the three 
planets. Of the older observations of the satellites the uncertainty of 
the scale-value (which is inereased threefold in the mass of the planet) 
is such that their weight, compared with the modern observations, 
and with the determinations from the perturbations of planets, is 
absolutely negligible. Newcomg has also, for this same reason, assigned 
a very small weight to these observations of the satellites. 

The use of observations of comets seems to me very dangerous. 
It is very uncertain, if not improbable, that the observed centre of 
light should retain the same relative position with respect to the centre 
of gravity throughout one apparition of the comet, and a fortiorı 
in different apparitions. NswcomB also points out that the results based 
on observations of comets are unreliable for this reason. Nevertheless 
he assigns a large weight to the determination by von HAERDTL from 
WinNEcKE’s comet, on the ground that the normal places of this 
comet are so well represented by von Harrprı's results. It appears 
to me that this good representation does not diminish the stringency 
of the argument stated above, and in my opinion it is advisable to 
reject also this determination, together with those from other comets. 

There remain the determinations from the three planets, which I 
adopt with the same weights assigued to them by Newcoms, and the 
modern observations of satellites, which were only made, or at least 
reduced, after NewcomB’s discussion was published. For these latter 
the scale-value is determined in an entirely satisfactory manner by 
simultaneous observations of standard stars. Nevertheless I have 
assigned to these observations a relatively smaller weight than to 
the determinations from the planets, to. allow for the possibility 
of small systematic errors in transferring the scale-value from the 
distance of the standard stars to the mutual distances of the satellites. 

In my reduction of GırrL’s observations of 1891 I have included 
in the probable error of 2! the effect of the uncertainty of the stan- 
dard stars used for the determination of the scale-value. The probable 
errors stated by Cookson do not include this uncertainty. The distances 
of the stars used by Cookson are not so accurately known as ofthe 
stars used in 1891. I have for tbese reasons assigned a smaller weight 
to Cooksox’s two determinations than to GıLv’s. The several determi- 


nations and their probable errors and adopted weights are given in 
Table VI. 
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TABLE VI. RECIPROCAL OF THE MASS OF THE SYSTEM. 


| Authority Weight | Residual 
ne Een er er NEE 

KRÜGER, perturbations of Themis 104754 + 0:19 5 + 0:14 

HıLı, ni „Saturn 384 12 7 — 02 | 
| NEwcoMB, = „ Polyhymnia 34 + 0% 20 — 06 
| GILL—DE SITTER, Satellites, 1891 50 + 06 40 + 10 
| Cookson, E 1901 46+ 0 4 + 06 
\ Cookson, . 1902 25 + 06 6 — 15 


The mean by weights is 1047.394 # .026. The simple mean is 
1047.412. The mean of the determinations from the planets alone is 
1047.380, and the mean of tlıe determinations from the satellites is 
1047.417. The value which I propose to adopt is 

21 —= 1047.40 + 0.03. 

The probable error was derived from the residuals. The distribution 
of these residuals, each compared with its own probable error as 
stated by the observers, is in excellent agreement with the theoretical 
distribution according to the law of errors. The adopted p.e. can 
therefore be considered to be a trustworthy measure of the real 
accuracy. 

I may be allowed to state as my conviction that it will not be 
possible in the near future materially to improve the value here 
adopted. In order to attain from observations of satellites a smaller 
probable error than =# 0.03, or '/ysooo, the scale-value must be 
known within less than '/, 30000. It thus appears useless to attempt a 
new determination of the mass from observations of the satellites, 
until we are in the possession of means as well of fixing the distance 
of a pair of standard-stars with this accuracy, as of transferring the 
scale-value determined therefrom to other (smaller) distances without 
the possibility of systematie errors. Investigations of modern heliometers 
point to the conelusion that the transferring of the scale-value from 
a distance of, say, 7000" to. one of 700" is still subject to uncertainties, 
which may reach an amount equivalent to an error of 0".1 in the 
larger distance, and which therefore may amount t0 "/zo00o Of the 
seale-value. On the other hand it seems a high demand on our present 
observational means to fix a distance of about 2° of two stars with 
an uncertainty smaller than 0".07 = 0°.005 '). 


1) The accuracy of the distance of the standard stars used in 1891 was + N/goooo- 
(See my dissertalion, page 8). 
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Nkwcomg has already pointed out that oppositions of Polyhymnia, 
as favourable as the one used in his work, will not recur till the 
end of the twentieth century, and a similar statement is true for 
Themis. Hırı has pointed out!) that Jupiter produces in the motion 
of certain minor planets (those of the Hecuba type) perturbations of 
long periods, which amount to several degrees. Thus e. 8. Freia is 
subject to a perturbation, whose geocentrie amplitude is 12°.7 with 
a period of 121 years. The length of the period makes it impossible 
to derive an improved value of the mass by this method in the 
near future. 


Derivation of the final masses. 

The right-hand-members of the equations of condition, which have 
served to determine the corrections to the values (BD) of the masses, 
have been derived, as explained above under I to IV, from: 

I. the motions of the nodes @, and @, (those of 9, and @, I 
leave out of consideration, as having too small weights), 

II. the motion of the perijove @,, 

III. the great inequalities ©, ®,, &, 

IV. the period of the libration. 

The equations are: 


— .0266 dx’ — „0030 du — .0001 dv; — ‚0040 dv, —.0002 4 —= — .00010 + .000 08 
—.0051  —.0008  —.0007 0 °—.007 =—. MA + 15 


11. 
+.00077 5” 4.000041 +.000073 +.00082:, —.000054 = —.002036 + .000020 
These three equations depend in part on the values of the elements 
in 1750, which were determined from eclipse-observations. It has 
already been pointed out above that practically the same results 
would be found from extra-eclipse observations alone. 


Ill. 4891 1901 1902 Adopted 
— .003 34 4-.403 9% —.014 3 =+.080 +.051 —.058 —+.020 +.040 
+15  —.008 4.816 —=+.019 +.087 +.169 +.050 + 40 
—.001 +.060  —.008E = —.004 —.M4 —.029 —.009 + 10 


The probable errors of the separate determinations have been given 
in Table III. The p.e. of the adopted values were estimated according 
to the agreement of the separate values. 


IV. 
+2.40° du +0.24° 0%, +1.355 0, = 0.000 + 0.18 


!) Collected works I, page 105. 


(719) 


If now we reduce all these equations to the same weight, so that 
the p. e. of their right-hand members becomes + 0.10, we find, if 
also the signs of I are reversed: 


Res. 
i Res. SouıLı. 
L ro +3.8dv, +0.1dv, +5.00v, +0.20, — +0.125 4.02 —.78 
| +34 +02 +0.4° 0 +05 =+0.27 4.25 +.16 
ar 8,8% 220,2 +0.3° ° —+4.l A ee N 
| 0 40.6 0 =+0.05 --.05 +4.05° 
u +0.5 0 —+2.0° =+0.12 + 16 +.06° 
0 +0.1° 0 —= —0.09 —.09 —.)9 


IV. le 20 0 0.00.00 +. 7 


The finally adopted corrections are: 


de — + 0.005 + .0075 
dv, — + 0.010 + .080 dv, —0 + .050 
— — 0.020 + .020 ,=0 +03 


The corresponding values of the masses are: 
Jb? —= 0.0214 180 # .0001543 (=1 for d= 39".0) 
= 0.0000 0000 518169 & 3975 (astronomical units) 
m, — 0.0000 260 + .0000 012 
m, — 0.0000 231 & 11 
m, — 0 0000 804 + 16 
m, — 0.' 000 424 751 & .0000 106 
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Substituting these corrections, there remain the residuals stated 
above. If SovILLArT’s masses are substituted there remain the resi- 
duals given in the last column. 

The equations II and III are contradieting each other: Il demands 
a negative value dv,, III a positive value. On account of the bad 
agreement of the different determinations of &, I have assigned a 
very small weight to the equation III. It is to be noticed that the 
large negative correction dv, could have been partly avoided by 
assuming a large positive value of r,e.g.21,—=+ 0.5. Even then, 
however, it would not be possible to bring about a satisfactory 
agreement of II and III without spoiling the representation of I 
and IV. 

The probable errors stated for the corrections dx and dv; as well 
as the values of these corrections themselves, depend largely on judg- 
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ment?) In estimating the probable errors I have taken into account 
as accurately as I could the imperfections as well of the theory on 
which the left-hand members of the equations of condition depend 
as of the observations from which the right-hand members are derived. 
It has been my aim to estimate true probable errors, i.e. the 
masses (C) are those which with our present knowledge of the 
system I consider the most probable, and I-consider it equally pro- 
bable that the deviation of the values (C') from the truth is smaller 
than the stated p.e., as that it exceeds this quantity. 

The above contains all that can be derived from modern extra- 
eclipse observations. The resulting values of the inclinations and nodes, 
and of the mass of the system, i. e. the groups A and © of unknowns, 
must be considered as final, so far as the observational data at 
present available go. The results for the other unknowns (those of 
group B) cannot be accepted as final until they are confirmed by the 
reduction of the photometric eclipse observations of the Harvard 
observatory. With regard to the inclinations and nodes, I have already 
pointed out in Cape XIl.3 (page 121) that a new determination 
about the year 1920 is desirable. For the determination of m, it will 
be necessary, as was pointed out by me in my dissertation, p. 82 
and 85, to supplement the modern observations by a determination 
of h, and k, about 1790 from a re-reduction of old eclipses. Of these 
an amply sufficient number exists. Between the years 1772 and 
1799 I have found in the literature of the epoch records of 63 
eclipses of which the immersion and emersion have been observed 
by the same person, and about one third of these have been observed 
by more than one observer. 

In order to derive entirely satisfactory results it will also be neces- 
sary to revise SOVILLART’S analytical theory, as pointed out by me 
in Gron. Publ. 17, page 118. 


The masses and elements derived in the above, though not to be 
considered as final, still doubtlessiy are much nearer to the truth 
than those used in SouILLArT’s theory. It therefore seemed desirable 
to introduce them into the expressions for the latitudes, longitudes 
and radii-vectores as given by that theory. To take account of the 
uncertainties of the masses I give the coefficients as functions of the 
small quantities @ and A;, which are defined by 


!) “The probable error arising from the uncertainty of such judgments must be 
included amorg the possible unavoidab'e sources of error.” Newcous, Astronomical 
Papers of the American Ephemeris, Vol. 5, Part 4, page 398. 


[Note added in the English translation]. 
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Jb = (Jb),(l+o) 
m = (m), (1 +2), 
where (Jb’), and (mi), represent the values (C). The squares and 
products of Q, },, A, and A, will be neglected. These developments 
are based entirely on those of Gron. Publ. 17, and what was there 
said about their accuracy and reliability also applies here. 
The semi-major-axes corresponding to the adopted mean motions 
and the adopted mass of the system have been computed by the 


formula '): 
ee I+m 
Ni a —/yarREm Na e, (i 3.3 =) 


Their logarithms are 
log a, = 7.450 1443 + 0.000 101 o 
log a, = 7.651 8277 + .000 040 0 
log a, —= 7.854 6197 + .000 016 
log a, = 8.099 8338 + .000 005 @ 


The values of the coefficients r;, which occur in the expressions 
for the equations of the centre, are 


T,, = +0.0280 — 031 0 +:027 3, — 0023, 4.0554, 
7%, = — 0.0053 —.003 o —.005 2, —-004 2, —.001}, 
7. — 0.0000 

7, = —0.0320 +.058 0 +.027 2%, —.0112, —.061 2, 
T,, = — 0.0447 +.022 o +.003 2, —.0422,+.0064, 
T, = 1.0000 

7, = 40.0171 —.0130 + .002 2, +.0143, +.0152, 


7, = +0.1619 —.098 0 —.005 2, +.019 2, +.116 2, +.0019 2, 
20.1173 1 1120 +.006.2,..1.024 2, —.142 3; 1.0168 2, 


7, +0.0016 —.002 g +.0012, +.0012, +.0014 2, 
7, +0.0139— .018 0 —.001 2, —.0012, 4.0103, +.0112 2, 
7, — +0.0828 —.072 0 —.0012, —.017 4, +.009 2, +.0726 2, 


The daily motions of the own perijoves (referred to the first point 
of Aries) are: 


(6,)+0.14708 -+.1295 g +.0070 2, +.0166 2, +.0007 2, 4.0001 4, 
(6,)-+ 0.038955 +.02590 — 00371 -+.00406 -+.01974 -+.00019 
(6,)+0.007032 +.00530 +.00024 -+ 00100 +.00066 
(6,)-+0.001896 +.00075 +.00008 +.00007 -+.00082 —-.00005 


1) It will be seen that I adopt here Larrace's definition of the mean distances. 
All other constant terms of the radius-vector will be included in pr =ri/ai. These 
ratios p, must not be confounded with the small quantity p representing a possible 
- eorrection to the adopted value of Jb2. 
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The great inequalities are: 


x, = 0.4303 —.0024 2, +.42282, —.0145 2, 
2, — 0.9875 4.1273 —.0090 +.8188 
2, = 0.0636 —.0010 +.0629  —.0063 


The coefficients of the inequalities of group II are: 
2 = 249... 04.0 4-04.2, 2462, 4.172,30, 
2.40.98 —.19 g—13 4, + .972, —.102,}e, 
x, =40.083 —.013 g— 02 4, +.022,}e, 
x. = $40.0062 -—- .008 0 — .002 2,2, —.005 A, +.002 A,}e, 
x», ={42.26 —.05 e +2.202, —.032, + .082,}e, 
2142.19 +.16 e— .742, +:082, +2.932,}e, 
2 0.585 —.27 0 — .082, +-152, — .022,]e, 
x. = | 0.0368 --.0050 —(.002 —.0172,)A, +.022, +.0452,2, — .0462,le, 
2, {0.01 -.0lale 
2. = 10.67 —.65 2,}e, 
%,, = 40.109 4.070 — 012, +.072,} e, 
2, = 40.0078 +(002 +.0092,)A, +.0112,}e, 
The quantities determining the libration are: 
Q, = + }.003140 —.000222, —.000502, — 001422} (14+4,) (1+2,) 
Q, = — }.005161 —.000212, — 000454, —.001352,}(1+2,) (1+2,) 
Q, = + 1.000452 — 00002} (1+A,) (1+,) 
?=Q4—3Q,+2Q  v=pßlt—t) 
% — 0°.158 sin w 
,—=+01359 9,—=— 026089 9,— + 0.0228 9 
'The position of the orbital planes of the satellites is in SovinLarT's 
theory referred to the orbit of Jupiter, of which the inclination and 
node') referred tu the ecliptic and mean equinox are (according to 
Le£veErrIeR, but with NEWCoMB’S precession): 
= ISIN Te 0STT 
”—= 99 26 36 . -H 36.396 T, 
where T is the time counted in tropical years from 1900 Jan. 0.0 
Greenwich M. T. 
lt is preferable, however, to refer the latitudes of the satellites to 
the mean equator of the planet. The inelination and node of this mean 
equator referred to the orbit (the node being counted “in the orbit”) are: 
= 3° 6'55"1 + 0".0243 T 
9 =315.48.0, 250-158 T 
The inelination and node of the mean equator referred to the ecliptic 
are thus: 


!) Unless otherwise stated, node stands for ascending node. 
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— 73019! 8"7 42 0"4231 T 
N =336 24 24: +48 .916 T 
The inclination and node of Jupiter’s orbit referred to the mean 
equator are therefore (the node being counted “in the equator”): 
= 3° 6'55"1 4 0.0243 T 
0=135 46 4 +50 .155 T 


The position of the orbital planes of the satellites — exeluding 
periodie, but including secular perturbations — referred to the mean 
equator, are given by the formulas: 

üsin (0 — Si) =pi= 2;0;Yjsin T; 


i;cos (0! — er = di 2;0jY;j cos rn; +(1—- w)o 

Referred to the orbit of Jupiter they are‘) 

Iisin N = 2,0;Yjsin 6; + ww sin 6 
J;cos N; a Oyyj cos 0; -H wiw cos 0 
where we have’) 
T=1809°+0— 6; 

If the periodie perturbations are represented by dpi, dgi, ds;, we 

have for the latitude of the satellite referred to the mean equator 
= (+ di) sin (wi — 0) + (pi+ dpi) cos (#:— ©) 
and referred to the orbital plane of Jupiter 
5 — I;isin (vi — N;) + ds. 

Here v; is the true orbit-longitude of the satellite. In both formulas 
quantities of the third order in the inclinations are neglected. The 
neglected terms in ß; are thus of the order of magnitude of 0°.00002 
and in s; of the order of 0°.01. 

The values of the coefficients 0; and w; are: 


0,, = — 0.019 + .012 0 — .019, 

6, = — 0.001 + .001@ — .0012, 

a4 ==’ ‚0.000 

6, = + 0.0203 — .020 0 + .0203, 

6, = — 0.0347 + .0280 + .002 2, — .035 4, + .005 2, — .0005 2, 
0, = — 0.0010 — .001 9 — .0012, + .0017, 


1) Rigorously these formulas are true with reference to the fixed orbit of 
Jupiter, and a correction must be applied to derive the latitude referred to the 
moving orbit. It is, however, sufficiently accurate to use the same formulas for 
the lalitude referred to the moving orbit, provided we take for „ and & the incli- 
nation and node of the mean equator referred to this same moving orbit (as was 
done here). For the motion of the node 6 referred to the moving orbit I adopted 
— 0.0979 instead of — 0".0710 (SovizLarr Il page 166). This in the value which 
results if Souszart’s final value of b, is used instead of the approximate value 


. used by Sovizart himself. 
2) The meaning of T} is nu here slightly different from what it was in the 


subordinate investigation I. 
49* 
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6, = + 0.0056 — .0180 + .0032, + -010 2, — 00014, 

6, + 0.1488 4 .132 9 — ‚0112, + .005 2, + 1252, + .00262, 
6, = — 0.1772 + ..1760 + .0082, + .0284, — 2112, + .0282 2, 
00 ‚008 

0..— + 0.0183 — .034 0 — .0022, — .0022, + .017 2, + .0207 2, 


— + 0.1208 — .110 0 — .005 2, — .0164, + .0212, + .10642, 


u, — 0.99944 + .0009 g — .0002 2, — 00022, 
u, — 0.99428 + .0095 0 + .0002 2, + .0001 2, — .0022 2, — .0023 2, 
1, — 0.97271 + .0294 9 + .0012 2, + .0040 2, — .0010 2, — .0088 2, 
u, — 0.86245 + .0555 0 + .0018 2, + .0045 2, + .0503 4, — .0056 2, 


The daily motions of the nodes @; are: 


(n) 0713614 —.1327 7 -.00%3 2 —.0010 is — .00008 4 

(3) —0.032335 —.02602. —.00198 5, —.00013 52 —.00399 35 —. 000191 34 
(4) 0.006854 —.00493 — „0004 1 —.00071 7 —.00004 i3 —.000695 34 
(%) 0.001772 —.00077 2 —.00003 ı —.00007 3, — .00075 #3 + .000098 34 


and for the angles T; we have: 


dd 
en — 0°.100038 — —. 
t dt 


The quantities p; are thus: 
p, = +0 02720 sin T\, -+0.00951 sin T, +0.00103 sin T, —0.00046 sin T, 


p, =— W052 + .46830 + .02734 + .00464 
pP =— +00003 — .01625 + .18390 + 03051 
Pa  .00000- — 00047 —,.08259 + .25360 


In g: we have the same coefficients, and again in /; sin N; and I; cos X,. 
The constant terms (l—w;) ® of g; and the coefficients of sind and 
coe@ in LI; sin N; and /; cos N; respectively are: 


(1-1) ® = 0.00174 u, 03.1136 
(1—u,) w = 0.01792 »B,o=:3.0974 
(1-1,) o — 0.08502 nu, © — 3.0303 
(1—u,) o — 0 42851 u, 0 — 2 6868 


The position of the true equator referred to the mean equator is 
defined by its inclination ®, and node w,, which are determined by 
the formulas 

on !—-y)=2;0;Yjsin; 
w, cos (-WY,)= >; 0; Yyj os T}. 
The inclination 2 and node % of the true equator referred to the 
orbit of Jupiter are then: 
sin W= 2,0,Yjsin6; + wsin 0 
20s W=2; 0; Yj cos 0; + w cos @, 
where we have: 
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9%. = — 0.00097(1 + ,) 6,1 = — 0.000083 
9, = — 0.00094 (1 + 2,) O4 = — 0 00044 
0%, = —000441(1+2,) 647 = — 0.00081 
9, = — 0.003863 (1 + 2,) 4 Yı = — 0 00092 


Before giving the expressions for the perturbations I will first state 
the values of the arguments. For brevity I put 
t—=l—|; v=1l —2l, yp—=v-+o, 
L= the mean longitude of Jupiter 
M ==, „  anomaly ‚, 5 
W= 5I/ — 2llV _16°31’). ' 
An 71 20) in LEVERRIER’S notation. 
V=2L-—-26 + 180° 
M=2L-—-®. 


The values of the arguments then are, if ? is the time counted in 
days from 1900 Jan. 0, Mean Greenwich Noon (J. D. 2415020) : 


I, = 142°604 + 208.4889 9261 t 


1 


l,—= 99534 + 101.3747 6145 t 


!, = 167.999 + 50.3176 4587 t 
l, = 234.372 + 21.5711 0965 t 


t — 291°.535 + 51°.0571166t v— 128°.5 + 0°.73947 1 
w— 252°.4 + 0°.14081t 


= 1555.%0.14708 ı p, = 279.0 + 0.886501 
ö,= 62.7 -+ 0.038896 t y,— 186.2 + 0 77848 
ö,— 338.3 1 0.00708 t y, — 101.8 + 0.746501 
ö, — 283.15 + 0.001896 ı y9,= 46.7 4 0.74137t 
n= 756 +018618 t 6,— 602% — 018614 ı 
. — 202.64 + 0.032 373 1 6, = 293.16 -- 0 032335 ı 
T, = 176.09 + 0.006 892 6, = 319.71 — 0.006854 ı 
T, = 123.84 + 0.001 810t 6,— 11.96 — 0 001772: 


8 — 315°.800 + 0°.000 0381 t 
0— 135 779 + 0.000 0381. 
L = 238°.) + 0°.08313t°  M— 225°.3 + 0.08308 ı 


W—=117.9+0.0112t W,= 64 24001617: 

V= 24.5 .+0 16608: V' = 160 .3 + 0.16612:t 
The periodie perturbations in the latitudes are of the form: 
dPi=xsina 


ds; — x sin (; — a — 0") 
di = % cos a 
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All coeffieients being very small, we may in the arguments replace 
vi; by 4, and neglect the difference of @' and 180° +6. The coef- 


fiecients and arguments are: 


coefficient argument argument 
dpi, dgi, dei 
Me 0.00042 1,226 1 +20+9, 
“© | + 0.000825 v a 
— 0.00099 I 24 2230 WE. +4 
Sat. II + 0.00010 V+HT, 1, +60, —2L 
+ 0.00078 v Le y 
+ 0.00010 v1: 1, 44, — 3% 
—- | + 0.00177 v BER 
+ 0.000832 v+>PE: ne er 
ar DU | + 0 00380 Rz Ro 


The expressions for the longitudes and radii-vectores are given 
below. The inequalities are arranged in three groups, according to 
the periods, as explained in the beginning of this paper. Inequalities 
which are smaller than 1" in longitude and 0.000005 in radius- 
vector have been neglected. The developments in powers of the 
small quantities eg and A; of the great inequalities (arguments Ar, 2r 
and r for the satellites I, II, and III respectively), of the inequalities 
ot group II and of the libration have already been given above, and 
only the values of the coefficients are repeated here. The more. 
important of the smaller inequalities are here also given as functions 
of oe and 4. Where no development is given the coefficients were 
taken from SOUILLART’S theory, corrected for the adopted values of 
the excentrieities (and inclinations) but not for the masses. The 
multipliers of g and 2; are given in units of the last decimal place 
of the coefficients to which they belong. 

The true orbit-longitudes are: 


v—=ı + 0.0276 sinw + dv, 
v,=4l,—0041lsnyp+ dv, 
v,—1, + 00036 sinw + dv, 
v‚=ı,+d, 
The radii-vectores are: 
NZ pi 
oe, — 1.000.0066 + do, 
9, = 1.00 10549 + 000. 0144, + .000 084 2, + de, 
0, — 1.000 0155 + 000 009 2, + .000 0112, — .000 002 4,4 de, 


0, = 1000 0755 —- .000 008 2, + .000 008 2, + .000 034 2, + de, 
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The inequalities dv; and de; are: 


la. Equations of the centre. 


dv; = aı sin (k— ©&,) + Ra sin (KL —@,) +3 sin (k; — &,)-+ a;4 sin (;—6®,) 


[o} ° ce) 
2,=+00062 a,+— 0.0011 a,—+ 00080 a,,— + 0.0014 


a 
2, = — 0.0002 a,— + 0.0344 a,=+ 00281 a,—= + 0.0118 
2, = 00000 a,=— 0.0015 a;—=+ 01736 a,= + 0.0706 
a,= 0.0000 a,= 0.0000 a,= — 0.0204 a, = + 0.8528 
de: = alı cos (k—@,) + a'acos (;—@,) + a'jigcos (;—@,)+a';4cos (;—6&,) 
a, = — 000054 a, = +.000010 a',, = — 000026 a’,, = —.000012 
&,, = +.000002 a',, = —.000300 a',, = —.000245 a',, = —.000103 
a, = «000000 a’,, = +.000013 a’, = —.001516 a’,, = —.000616 
a, = 000000 a,,= .000000 a, —= +.000178 a',, = —.007445 
The inequalities of the groups Id and Ic are of the form: 
duo —xsina de: — x cos a. 
They are: 
coeffieient coeffieient 
Argument in dv; in dei 
Satellite T. = 
2 +0.0034 (1+4,) —.000 017 (1-+4,) 
3rt +0.0016 (1+4+2,) —.000 011 (1+2,) 
4r +0.4303 —.003 755 (z,, see above) 
8rt —+-0.0014+232, — .000 012 — 203, 
Satellite LI. a 
tr —0.0123 (1+4,) +.000 061 (1+,) 
2t +0.9375 —.008 617 (x,, see above) 
3r +0.0052 (1-+4,) —.000 058 (1-42, ) 
4t +0.0051+12,—12,-+109%, —.000 034482, +12, — 832, 
ör +00004 (1-+2,) —.000 006 (1-+A,) 
6r -+0.0005 +32, +22, —.000 008— 54, — 22, 
l,—l, —0.0006 (1+4,) +.000 004 (1-+2,) 
2(,—L,) +0.0005 (1+42,) -—.000 006 (lI+A,) 
ty, —0.0005 +.000 002 
2t+y, —0.0003 +.000 006 
2rt+g, 0.0026 —.000 021 
2t+p, 0.0010 —,000 008 
L—o, —0.0004 +.000 003 


1-0, —0.0004 4,000 002 
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ovefficient coefficient 
Argument in dv; in d@i 
ee oe 1.000 555 (w,, see above) 
2t —0.0011 (1-+A,) +.000 015 (1+4,) 
3r —0.0008—64,—24, — .000 006 — 112, +42, 
1,—l, —0.0041 (1--2,) +.000 022 (l+2,) 
2(2,—1,) +0.0138 (1+2,) —.000 132 (1-+2,) 
3(1,—L,) +0.0010 (1-+2,) —.000 012 (1+4,) 
ty, —0.0008 -+.000 007 
ty, —0.0003 1.000 003 
1,—21,+0@, +0.0004 —.000 000 
1-21,+6, —0.0004 -+.000 001 
21,— 31,46, —0.0004 1.000 003 
1,226, +0.0006 | —.000 005 
Satellite IV. 2 
LW—L, —0.0008 (142,) -+.000 005 (1+2,) 
l,—l, —0.0005 (1+4,) +.000 008 (1+2,) 
l,—l, —0.0023 (1+4,) +.000 101 (1-+4,) 
%(,—1,) — 0.0012 (142,) +.000 018 (1+2,) 
2l,—2L --0.0012 — .000 015 
1,—2l,+@, —0.0006 —+.000 002 
1,—2l,+6, 0.0007 —.,000 006 
l,—2L+0®, 0.0064 —.000 056 
21,—20, 0.0040 — .000 028 


Inequalties of group II. (The expressions as functions of oand}; 
have already been given above). 


Argument Coefficients in dv, 
Sat. I Sat. II Sat. III 
% ..—0.0077 0.0070 — 0.0000 
$, + 0.0169 + 0.0377 — 0.0115 
p, +- 0.0072 — 0.0464 + 0.0095 
p, + 0.0026 — 0.0157 + 0.0033 


In the radii-vectores these inequalities can be neglected, with the 
exception of the following term in Satellite II: 


de, = + .000 006 cos p,. 


Inequalities of group III. These also are negligible in the radii- 
vectores. The largest of them is: 
de, = + 000 001 cos (8, —&,) 
In the longitudes we have: 
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Argument Coeffieients in dv; 
Sat 1 Sat. II Sat. IIl Sat IV 
M +.0.0006 00102 0.0135 — 0.0320 
W — 0.0008 — 0.0012 — 0.0029 
W, — 0.0001 — 0.0001 — 0.0003 
för + 0.0099 + 0.0028 —+ 0.0001 
T, + 0.0016 + 0.00% — 0.0018 
Tr, — 0.0001 + 0.0019  -+.0.0029 -+ 0.0010 
T,—T, — 0.0027 — 0.0011 — 0.0005 
27 )270,0005 99920.0002° 7-2 .0:0001 
T,—T, + 0.0011 — 0.0005 — 0.0013 — 0.0010 
,—o, — 0.0005 —+ 0.0002 —+ 0.0009 — 0.0011 


It should be kept in mind that all the above developments are 
based on SoviLLarr’s analytical theory. New values of the masses and 
elements were introduced into his formulas, and a few numerical 
mistakes were corrected, but the analytical formulas were not altered. 
The only exception is the expression for the period of the libration, 
which was computed to terms of tne third order in the masses 
inelusive, while SoviLLArT rested content wilh those of the second 
order (See Gron. Publ. 17, art. 18). 


Physics. “An auto-collimating spectral apparatus of great 
luminous intensity”, by Prof. H. E. J. G. ou Boıs, G. J. 
Euıas and F. Löwe. (Communication from the Bosscha-Labo- 


ratory). 


In optical work an illuminator is often wanted, which combines 
great brightness with monochromatie purity of the light, if possible 
of the order 0,1 un. In spite of the almost boundless variety of 
available spectral apparatus '), such an appliance is wanting. For this 
purpose Würıne ?) it is true, constructed a monochromator and 
investigated the luminosities obtainable by means of different sources 
of light, but its aperture was only '/, the dispersion also rather 
slight. An auto-collimator lately described by FAsry and Jopın ®) has 
an aperture of only '/,,. Recently one of us has described three 
spectral apparatus with constant deviation (parallel or at right angle) ‘); 


1) H. Kayser, Handb. d. Spectroscopie 1, p.p. 489 et seq. gives a survey leading 
up to 1900. 

2, E. A. Würring, N. Jahrb. f. Mineralogie Beil. 12, p. 343, 1898. —Ü. Lrıss, 
Zeitschr. für Instr. kunde 13 p. 209, 1898. S. Nakamura, Ann. d. Phys. (4) 20p. 
811, 1906. | 

3) Can. Fapry & A. Join, Journ. de Phys. (4) 3 p. 202, 1904. 

4 -F.. Löwe, Zeitschr. f. Instr. Kunde 26, p. 330, 1906 and 27, p. 271, 1907: 
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here however, it was not necessary either to pay attention to great 
brightness. 

The combination of the last mentioned condition with a conside- 
rable value of dispersion naturally leads to the application of the 
prineiple of auto-collimation, preferably with 2 “halfprisms”. In using 
theinstrument as a secondary spectral source of light immobility of the 
entrance slit cannot be dispensed with, and for the exit slit it is 
also required — perhaps with the exception of small sources of 
light, easily moved. We are, however, aware of the drawbacks 
which attend this principle, viz. a higher degree of false reflexes, 
and the so-called “vignettation” of the beam of light due to the neces- 
sity of placing the slits at different heights. * 

The utmost brightness is specially required for experiments on 
polarisation, in which a nearly crossed position of the nicols allows 
only a very small fraction of the light to pass. It follows that in 
such cases polarisation by the apparatus itself does not give rise to 
diffieulties; it may even prove advantageous that refraction should 
in each case take place at the angle of polarisation; for then there 
is absolutely no loss by reflection of light polarized parallel to the 
refracting edges of the prisms. So in its usual position the apparatus 
would allow light to pass which shows a strong partial polarisation 
along the vertical. 

From Brewster’s law it follows that the angle of refraction of the 
whole prisms must then amount to (180°’—2 are tg.n); we shall by 
preferencee choose prisms of 60° (resp. 30°), corresponding to 
n=VW3=1,732. For this case, with 2 whole and 2 half prims, 
the simple scheme of fig. 1 is naturally evolved, where evidently 
all the angles of ineidence amount to 60°. 

Now the glass must meet the following prineipal requirements: 1) 
index of refraction for a mean colour about 1,73 ;2) no strong absorption 
of violet light; 3) homogeneity and absence of bubbles; 4) resistance 
against atmospherie influence; 5) suffieient dimensions of the rough 
blocks. In spite of the present ample choice it proved impossible 
as yet to satisfy all these 5 conditions to a sufficient degree. 
In the instrument construeted in the spring of 1907 by C. Zeıss we 
therefore used heavy flint N°. 1771 of the firm of Scnotr & Co. at Jena, 
for which no=1,794; according to what precedes an angle of 
refraction of somewhat more than 58° (or 29°) corresponds to 
this. The value of dn between C—F amounts to 0,0309; from this 
follows a dispersion for every whole prism of 4°%4';, hence for the 
whole course oftherays 2 X(/,+1+1-+'/,)xX 44 — 25° nearly. 

In order to keep the system in the minimum of deviation, every 
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Fig. 1. — 3/70 natural size, 


prism must evidently be subjected to an equal rotation with respect 
to the preceding one, round the points $, Qand P. Prism I remains 
rigidiy connected with the collimator tube; now let every point of 
II deseribe an arc «a of a circle round P; then the points of III 
describe cyeloids, those of IV higher cycloids, in which the total 
rotation of III and IV with respect to the ground plate amounts to 
2a and 3a respectively, apart from their simultaneous translation. 

In a similar case one of us (F.L.) successfully constructed a 
toothed-wheel mechanism for a quartz-monochromator years ago, 
which was now also chosen. The old arrangement for cutting 
the rather intricate forms of the teeth was now again adopted. An 
analogous mechanism was, moreover, lately described by Hamr ') 
and executed by JoBIn. 

For the sake of simplieity prism ll is primarily rotated by means 
of a worm-wheel arc S roughly represented in the diagram, which 
could be effeeted with a bamboo rod from the observer’s place. The 
reading takes place on the circle C’; the prism tables are provided 
with german silver feet, which slide on a glass plate; prism IV is 


ı) M. Hauy, Journ. de phys. (4) 7, p. 52, 1908; Zeitschr. f. Instr. Kunde 28, 
p. 122 1908. 
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silvered on the back side.) The angle of I amounts to 30°40’ ; the 
plane of entrance V 52 x 52 mm. large — forms an angle of 
about 40’ with the wave-front, which causes the disturbing reflex 
to be thrown aside. The object-glass, consisting of three lenses, has a 
diameter of 67 mm., a focal distance of 260 mm., so that the aper- 
ture amounts to '/,. The lateral spherical aberration is according to 
caleulation of the order 0,01 mm. A small part of the convex front 
surface has been blackened to prevent reflection; square diaphragms 
D have been placed in the collimator tube for the same purpose. 
The whole system of prisms is placed under a closed metal cover 
K; inside this the necessary chemical substances are supplied in order 
to protect the sensitive glass surfaces against the action of water- 
vapour, carbonic acid, hydrogen sulphide ete. Whether these measures 
will prove effectual remains, as a matter of course, to be seen after 
a considerable lapse of time. 

At the end of the collimator tube the “slit holder” is arranged so 
as to rotate round its axis. The bilateral entrance slit I, which is 
provided with a prism for comparison, is 3.5 mm. long, it is slightly 
curved (radius of curvature 70 mm.), and can rotate a little so that 
the slope and curvature of the spectral lines is compensated for a 
mean colour; the slit is focussed by means of a spiral groove. A 
mirror silvered at the front side direcets the rays towards the lens, 
which on their way back pass along its upper or lower side so as 
to reach the exit-slit U; the latter is ‚also bilateral, 3,5 mm. long, but 
rectilinear. It may be exchanged for monocentrice non-reflecting eye- 
pieces with a focal distance of 9 or 25 mm., or for a normal camera 
60 x 90 mm., by means of which only a small spectral region can 
of course be photographed at the same time. 

The whöle apparatus is constructed without any iron, and mounted 
very compactly on a marble slab. The adjusting screws form a right- 
angled triangle, one of tbe catheti Iying under the optical axis, whose 
height above the plane of the table is 125 mm. 

For measurements in the ultraviolet the object-glass is replaced by 
a quartz-fuorite achromatie lens (= 33 mm., /= 260 mm., apert. 
'/); it would of course be too expensive to fill the whole aperture; 
a couple of quartz-half prisms according to Cornv is. also provided. 


!) In many respects it may be preferable to fix a metal mirror with glycerin 
to the back plane, for it is easy to remove it, and also to adapt the apparatus 
for transmıtted light; in this case a telescope or a spectrograph with camera has 
to be added; the same mirror may be used, if necessary, to give the desired direc- 
tion to the light. Besides, some alloys reflect considerably belter than silver in the 
ultraviolet (about 320 4). 
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Some time ago one of us!) applied to a specetrograph a peculiar 
graduation according to wave-lengths from 5 uu to 5 u, which 
proved very convenient. For instruments of great dispersive power, 
however, this principle- hardly works well; more accurate results 
are obtained with a. calibration curve, though this takes more time. 
For this calibration the lines of the gas spectra of hydrogen, helium, 
and those of a mercury are lamp may be used ; also those of the 
spark spectrum of copper and of the flame spectrum of potassium ; 
in this way a sufficiently uniform distribution of lines is obtained 
between 410 and 770Ouu. The accuracy of the readings is of the 
order 0.05 un. 

Though from the outset we had been intent upon preventing end 
play in the mechanism of motion, it proved as yet impossible to 
avoid this altogether, so that it was necessary for the readings to 
have the motion take place always in the same sense. We hope, 
however, to remedy this defecet by further improvements. 

With the apparatus used as a spectrometer a very satisfactory 
resolution of neighbouring spectral lines could be brought about, the 
theoretical dissolving power of the set of prisms in the usual sense 
amounting to 65000. Thus with the strong eye-piece the yellow 
helium line is seen resolved into its two components, whose distance 
apart amounts to about 0,035 un. 

Fapry and Josın (loc. eit. p. 208) give a comparative table of the 
breadth occupied in the spectrum by a wave-length interval of1 u 
in the violet at about 434 uu; in the red the dispersion is of course 
much less : 


APPARATUS DISPERSION 
BRUCE (Yerkes-Observatory) 4,4 mm per »» 
MıLıs (Lick-Observatory) 0,8 RE 
FABrY and JoBIN ee 
pu Boıs, ELıas and Löwe Tr 
‚RowLanp-grating of Berlin University, Ist 218 „ » » 
order (5684 lines per cm; radius 390 cm), 


Fapry and Josın’s fourfold focal distance is therefore all but com- 
pensated by our greater dispersion. 
Though particular care was taken to prevent reflexes, yet it proved 


l, F. Löwr, Zeitschr. f. Instr. Kunde 26, p. 332, 1906. 
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impossible entirely to exelude diffuse light— probably due to the diffu- 
sion on the faces of and inside the prisms, so that we shall always 
have to take account of its presence, even though it be only to a 
very slight degree. In fact, we have not investigated any apparatus 
or. prism, in which the disturbing influence of this phenomenon was 
not more or less felt. The question whether a certain diffusion still 
occurs with a really macro-homogeneous, optieally “empty” refracting 
medium, is diffieult to solve, and must for the present be considered 
a pending problem.') 

The “vignettation” amounts on an average to 25°/, as may be 
observed by accommodating on the square objective diaphragm. When 
the apparatus was used as a monochromator the intensity of the light 
came up to what we expected ; with sunlight it is still from 5 to 
10 times higher (according to meteorologie circumstances) than 
with an arc-lamp crater projected on the entrance slit. Accordingly 
with monochromatie light of great purity even polarisation apparatus 
of very slight transmitivity may be used. When thus applying the 
instrument to illuminative purposes the entire path of the beam from 
the source of light on to the retina, and especially its divergence, 
ought te be carefully adapted to that part which lies within the 
apparatus, if all the possible benefit is really to be derived from- it. 


Physics. — “The influence of temperature and magnetisation on 
selective absorption spectra”, Il. By Prof. H. E. J. G. pu Boıs 
and G. J. Euias. (Communication from the Bosscha Laboratory). 


$ 12. Since our former communication (These Proc. Febr. p. 578) 
the eryomagnetic arrangement was further improved in some respects 
in order to obtain a stronger field, and to diminish the inconvenient 
formation of rime. The truncated end-planes of the conie polar 
pieces had a diameter of 6 mm., the split cores ?) a diameter of 
3,5 mm.; the width of the slit at the end was from 0.4 to 0.6 mm., 
tlıe slit being wedge-shaped so as to fit the convergence and diver- 
gence of the beam of rays between two lenses; it was arranged 
in such a way that the whole surface of the grating was illuminated, 
so that the theoretical dissolving power, — amounting to about 
100.000 — had its full effect. Subsequent in the direetion of the 
rays was a doubled quarter-wave plate with horizontal demarca- 


!) G.A.Lopry pe Bruyn and L.K. Worrr, Rec. d. Trav. Chim. 23, p. 155, 1904; 
L. Manpeıstam, Physik. Zeitschr. 8, p. 608, 1907; M. Pranck, ibid. 8, p. 906, 1907. 
?) H. ou Bois, Zeitschr. für Instr. Kunde 19 p. 360, 1899, 
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tion adjusted at the laboratory according to Cornu and W. Könıe !). 
On aceount of the considerable astigmatie difference in the images 
of horizontal and vertical lines formed by a concave grating, the 
plate was placed near the focus-of a third lens in order to enable 
us to cancel this astigmatism for different parts of the spectrum by 
comparatively small displacements. The line of demarcation could then 
be adjusted sufficiently sharply in the speetrum, which König had not 
succeeded in doing. A nicol followed the mica plate, and then came 
the prineipal slit. With this arrangement a normal doublet is known 
to appear in the spectrum as a broken line e. g. thus J; and on 
rotation through 90° of the nicol round the direction of the rays or 
of the °/, plate round its vertical diameter I) at once appears. 


$ 13. As a rule the samples were mounted in a copper frame- 
piece and clasped between the polar end-planes; it is desirable to 
have an airtight fitting so as to prevent cold currents of air with 
formation of rime. The level of the liquid air may now rise above 
the openings so that the sample is quite immersed. The air stag- 
nating in the bores is effectually dried by the preliminary cooling 
with solid carbon dioxide. With thin samples we obtain in this way 
a field of 40 kilogauss, which is quite essential for the proper 
resolution of the quadruplets etc to be described later. With sun- 
light and a width of 0.05 mm. of the prineipal slit there was still 
plenty of light even in the violet; the FRAUNHOFER lines, however, 
proved so troublesome in many cases that the much weaker arc 
light had to be used. The specetrum was measured by means of 
a magnifying glass and a graduated glass scale, the divisions of 
which amounted to 0.225 mm., exactly corresponding to 0,1 uu in 
the spectrum of the first order. The auto-collimator, which we also 
used has been described since our first communication (see the 
preceding paper). 

All the following experiments were made with a longitudinal field, 
in other words with an axial direction of the rays; many new 
adjustments would be required after turning round the heavy electro- 
magnet, so that we hope to extend the observations to an equatorial 


direetion of rays later on. 


$ 14. Third series. Of the large number of coloured com- 


l) A. Cornu, Compt. Rend. 125 p. 555, 1897. — W. Könıse, Wied. Ann. 62 
‘p. 242, 1897. We found it safer not to place this arrangement at the end of the 
beam near the magnifying glass, on account of polarisation by tlıe grating ; cf. 
P. Zezman, These Proc, Oct. 1907. 
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pounds of trivalent titanium and vanadium we investigated some 
without, however, having found anything noteworthy as yet. The 
selective properties in this series culminate for chromium; we shall 
therefore restriet ourselves to a closer investigation of some chromic 
compounds already discussed in our former paper. 


Chromium alum. 


From the well-known regular erystals plates of a thickness of about 2 
and 3 m.m. were cut. At 18° a rather intense band 669,8— 671,6 is seen 
in the red; at —193° it becomes considerably narrower, viz.: 668,6 
—669,4, the centre shifting 1.7 au towards the violet; moreover 
another rather strong line 670,2 appears ; between 619 and 716 no 
less than 21 fainter and sharper bands and lines are actually visible. 

In a field of 34 kilogauss the two principal lines appeared broken; 
the horizontal distance of the corresponding edges of their upper and 
lower halves, henceforth briefly called the break, amounted to about 
0,10 un; the sense was opposite‘). Band 668.6— 669.4 shows one fine 
narrow satellite on the red side, towards the violet two of them; 
the former disappeared in the field; the two latter ones became very 
vague, and seemed, as seen with sunlight, to join in the break of 
the principal band. 


Ruby. 


$ 15. With the square plate (7 X 7X 3m.m.) mentioned in our 
preceding paper a long edge contained the optical axis. From the 
same ruby cone a small quadratic prism (1,5 X 1,5 X 4m.m.) was 
now ground, the axis being parallel to a short edge. With the slight 
thickness of 1,5 m.m. suffieient absorption is shown even with grating 
dispersion. We must now distinguish the cases that the optical axis 
is || or L with respect to the direction of the field. 

I. Optical axis || direetion of field: 

A. Pair of bands in the blue at —193°. Besides the two bands 
in the red already described, a pair in the blue are rather striking 
among the other 8; we shall briefly call these B, and B,. At —193° 
their situation is: B, = 474,2—474,9, and B, = 476,1—476,5 (at 
18° they lie 474,9—475,7 and 476,5—477,1, more towards the red). 
The distance of the central lines measured in the grating Spectrum, 
amounted to 1,63 au. In a field of 36 kgs (= kilogauss) the break 
for B, amounted to 0,04uyu and for B, to 0.055 uu, the sense being 


') I. e. with respect to that which has been found up to now for all vapours; 
such an opposite sense was also observed by J. BECQUEREL in most cases. 
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opposite; an asymmetry in the break of the bands towards both 
sides — with respect to their position with field off — appeared 
to exist, but could not be measured with sufficient certainty. At a 
temperature considerably-exceeding' that of liquid air, the blue bands 
are no longer to be determined in the grating speetrum. 


$ 16. B. Pair of bands in the red; we call them R, and R.. 

1) At — 193° we have R, —691,7 and R, = 693,1, the distance 
measured in the grating spectrum being 1,38 u u. 

Line R,: Width with field off 0,065 ua. With 23 kgs. a triplet 
begins to appear, which is not yet clearly visible with 18 kilogauss ; 
lefthand line (red side) not sharply divided from middle line, forming 
together a strong line, 0,10 ua wide; righthand line (violet side) 
divided from middle line at a distance of 0,09 un. With 26,5 kgs. 
the triplet further resolves, the distance on either side becoming 0,11 ug. 

With 36 kgs. the lefthand line is strong, the middle line perhaps 
stronger still, not sharply divided, distance 0,165 uu ; the righthand 
line faint, at a distance of 0,14 uu from the middle line. 

Line R,: Width with field off 0,055 ua. With 23 kgs. triplet: 
lefthand line not separated from middle line, forming together broad 
line 0,075 uu wide; righthand line separated from middle line at a 
distance of 0,07 uu. With 26 kgs. the triplet further resolves ; 
distance 0,08 and 0,09 uu respectively. 

With 36 kgs. the lefthand line is rather strong, not quite detached 
from the middle line, at a distance of 0,115 uu; the righthand line 
faint, more clearly separated from the middle line, at a distance 
of 0,15 un. 

In all these cases the lateral components were circularly polarised 
in the opposite sense; as the middle line vanished at neither of the 
two positions of the */, plate, it could not be circularly polarized ; 
linear polarisation was not observed and quite excluded on account 
of axial field-symmetry. It is not yet the moment here to enter into 
an explanation of this highly remarkable phenomenon ; it may per- 
haps simply be due to imperfeet resolution of the inner lines of a 
quadruplet '). A ınagnetic displacement of the middle line with respect 
to its position with field off”) could not be ascertained; at all events 
it never amounted to more than 1 or 2 hundredths of uu. 

There is no reason in this case to doubt of the proportionality of 
the resolution with the intensity of the field. 


ı) C£. P. Zeeman, These Proc. Febr. 1908. 
2») Cf. H. Kayser, Handb. d. Spectroscopie, 2 p. 655, Fig. 52. Something similar 
was also sometimes observed for the sextuplet of D,. 
50 


"Proceedings Royal Acad. Amsterdam. Vol. X. 
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3) At — 79° the bands were already considerably widened and 
faded so that the thicker ruby plate had to be investigated through which 
the light proceeded 7 mm. in the direction of the axıs. 

Heating from —193° to — 79° displaced R, by 0,62 uu, R, 0,58 uu 
towards the red so that their distance now became 1,42 ug. In a field 
of 18,5 kgs. R, exhibited a lefthand break of 0,12, uu, a righthand 
one of 0,065 uu, and R, deviated 0,04 on the left, 0,07 au on 
the right. 

3) At +18° and a field of 18,5 kgs. A, exhibited a break of 
0,07 uu towards both sides, R, one of 0,055 uu. Heating from 
— 193° to + 18° shifted R, 0,76 uu, R,0,69 un towards the red, 
so that their distance now became 1,45 uu '). 

4) At + 200° the phenomenon was rather vague. By estimation 
the two lines showed a symmetrical break of 0,04 uu with 18,5 kgs. 
Heating from 18° to 200° moved botlı R, and R,1,1 uu towards 
the red, their distance therefore not being changed. As yet we have 
not heated the ruby any higher. 

In general we may perhaps conclude from the rather intricate course of 
the phenomenon that the influence of magnetisation slightly decreases 
with increase of temperature. The distance between AR, and R,, on 
the other hand, seems to become a little larger. 


$ 17. We now proceed to the second case: 

II Optical axis ı direction of field, where we 
must distinguish ihe ordinary and the extraordinary spectrum. In 
this case only the nicol, no longer the double ?/, plate was used, 
because eircular polarisation does not come in here. 

1. Ordinary spectrum ; plane of polarisation horizontal: 

A. Pair of bands in the blue at — 193°. The width with field 
off amounted to 0,17 for B,, to 0,14 uu for B,, the distance of the 
central lines being 1,68 uu; the lines looked about equal: In a 
field of 36 kgs. the width increased to 0,26 uu for the two lines; 
half the increase in width amounted therefore for B, to 0,045, for 
B, to 0,06 un. 

B. Pair of bands in the red at — 193°. We have (ef. $ 7) 
R, = 69,8 and R, = 693,2. The width with field off amounted to 
0,08 for R,, to 0,07 ua for R,, their distance in the grating Spectrum 
being 1,41 un. 

With a field of 20 kgs. R, became widened, and seemed shaded 

!) We gave up the idea of reproducing a photograph, because the reproduction 


in our former paper is greatly inferior in distinetness to our own prints. Moreover, 
where measurement proves possible, reproduction appears almost superfluous. 
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in the middle, R, showed a doublet at a distance of 0,3 uu; so the 
aspect was about the same as that preliminarily sketched in $ 7'). 

With a field of 23 kgs. R, showed a quadruplet, the four com- 
ponents of which hadabout the same intensity, and the distances 
of which seemed slightly to decrease towards the violet. The inter- 
vals were now as bright as the spectral background; only between 
the pair Iying on the violet side the interval seemed slightly darker; 
the distance of the outer lines was 0,28 uu, and the mutual distances 
differ little from a third of this. R, also gave a quadruplet, the 
two inner lines of which are much fainter than the outer ones, and 
symmetrically distributed (without careful focussing of the magnifying 
glass one may therefore feel inclined to see a doublet); the distance 
of the outer lines was 0,285 uu respectively. 

With 30 kgs. the phenomenon was exactly equal, with distances 
0,39 and 0,38 uu. 

With 36 kgs. AR, exhibited a quadruplet as above, further resolved. 
From red to violet 
Urs distances of the middle lines 

amounted to 0,15 0,145 0,14, total 0,435 uu 

|ihe widths ofthe lines ‚„ 0,07 0,025 0,035 0,065 uu 

The distance between the extreme limits amounted -to0 0,50 uu ; the. 
middle between them appeared to be displaced 0,04 uu towards the 
violet with respect to the position with field off. 
For R, on the other hand we obtained values for 
the distances of the middle lines 0,15 0,20 0,085, total 0,435 uu 
the widths of the lines 0,055 very narrow 0,045 un. 
The distance of the extreme limits amounted 10 0,47 uu;, the dis- 
placement of the middle with respect to the position with field off 
was less than for R, and could not be ascertained by ıneasurement. 

Let dR, and dR, stand for the total distances between the 
outer quadruplet lines and 9 for the intensity of the field, then we have 


: OR 10000R, || dR 1000I4R 
H(Kı : N, Se ee 
N re 

23 0,28 ‚12,2 0,285 | -12,4 

30 0,39 13,0 0.38 +2,6 

36 0,435 12,1 0,435 12,1 


82) As was observed in $ 7 the numerical determinations there bear a strictly 
preliminary character; through a misprint the estimation of the intensity of the 
field was 30 kilogauss; this should be 20 kgs. The data now given possess 
already greater reliability ; they were each derived from 2 to 5 readings. 
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The suffieiently good agreement of the ratios proves the pro- 
portionality of the resolution with the intensity of the field, at least 
as a first approximation; it is rather improbable that weaker fields 


should exhibit any deviations from {his proportionality. 


$ 18. Almost analogously behave the lines in the 

2. Extraordinary spectrum, plane of polarisation vertical. 

A. Pair of bands in the blue at —193°. The width with field off 
amounted to 0,10 for B,, to 0,15 uu for B,, the distance of the middle 
lines was 1,70 uw; the lines appear somewhat displaced compared 
with the ordinary speetrum, viz. D, 0,025 uu towards red, and 5, 
0,007 towards violet; moreover B, was vaguer and paler tlıan B.. 

In a field of 36 kgs. the widths became 0,18 and 0,22 u: ; so for 
B, and B, respectively half the increase in width amounted to 0,04. 

B. Pair of bands in the red. at —193°. The width with field off 
amounted to 0,07 for R,, to 0,06 uu for R,, their distance being 1,41 u. 

They both seem to have shifted 0,02 uu towards the violet, com- 
pared with their position in the ordinary spectrum; A, is fainter. 

With 36 kgs. R, exhibits a quadruplet of 4 lines about equally 
strong, at apparently equal distances, too indistinct, however, to be 
measured; distance of the extreme limits 0,49 ug; the middle appeared 
to have moved 0,02 uu towards the violet with respect to the position 
with field off. 

For R, the inner lines of the 4 were probably slightly stronger 
than the outer ones; the determinations were rather uncertain ; the 
distance of the limits about 0,4 um. 


$ 19. Fifth series. Of this we now investigated a few sul- 
phates of the material used in 1899, which erystallise monoelinically 
as octohydrates; they do so in plates containing both optical axes. 
As a matter of course no circular polarisation occurs; in this 
respect uniaxial and even more so cubic erystals, e. g. chromium 
alum, are to be preferred. 

Neodymium sulphate [Nd, (So,),- 8H,0]. Rosy-red plate 0,8 mm. 
thick at — 193°. Two narrow bands in the yellow, and three in 
the green exhibited an increase in width of from 0,05 to 0,08 un 
in a field of 40 kgs; two of the last mentioned became brighter in 
the middle, and so began to look like doublets. 

Samarium sulphate [Sm, (So,),.8 H,O]. Light yellow semi-trans- 
parent plate of crystal, 2,8 mm thiek at —193°. Two narrow 
bands in the yellow-green exhibited an increase in width in a field 
of 28 kgs. the amount of which ought to be determined with a sample 
of better transparency. 
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Physics. — “Isotherms of monatomic substunces and their binary 
mixtures. II. Isotherms of helium at — 253° C. and — 259° C.”, 
by Prof. H. KAMERLINGH Onnes. Communication N°. 102° from 


the Physical Laboratory at Leiden. 


$ 1. Survey of the determinations. The measurements were made 
in the same way as those of Comm. N°. 102° (Dec. ’07). The whole 
of the piezometer had a four times larger content, viz. about 2 liters, 
the piezometer reservoir on the other hand was more than four times 
smaller, it was, namely, somewhat more than 2 cm?. Accordingly 
the densities to which the measurements refer, are considerably larger, 
and lie between 591 and 794 times the normal one. The temperatures 
at which the determinations were made, are measured on the hydrogen 
thermometer of Comm. N’. 95e. 


t= — 252°.84 0. and t= — 258°.94.C. 


from which by extrapolation by means of table XXV of Comm. 
.. N°. 101 (Dec. ’07) see $ 3 of Comm. N’. 1022 follows for the tem- 
peratures below 0° C. measured on the absolute scale 


8 — — 259.841 + 0°.12 — — 252°.72 
and 9—= — 258 .94 + 0°.12 — — 258°.82 


The determination of the mean temperature of the gas in the capil- 
lary stem of the piezometer reservoir, with regard to the part that 
‚extends above the bath in the cryostate, required here greater accuracy 
than before, because compared with the quautity of the gas in the 
smaller reservoir that in the stem was of more importance. With a 
view to the determination of this mean temperature a cylindric reser- 
voir of the same height as the capillary was placed by the side of 
and on & level with the capillary, which reservoir was filled with 
helium, and provided with an appliance to read the pressure in it ''). 
By means of this pressure it is easy to derive with the required 
.accuracy what mean density for the gas in the capillary of the 
piezometer must be taken. At 0° the pressure in tbis auxiliary apparatus 
was 118.3 cm. of mercury. With the measurement at — 253° C. it 
varied between 33.1 and 51.1 cm., at — 259° C. between 31.8 and 


48.1 cm. 


1) A similar contrivance has been applied by different observers in the deter: 
_mination of the mean temperature of the capillary of a gas thermometer (Travers, 
‚Senter and Jacquerov, Ph, Tr. Royal Soc. London Ser. A. vol. 200 p. 143 (1902)). 
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$ 2. Results for pvA. 


The subjoined table contains the results of tlıe determinations in 
the same way as table I of Comm. N°. 102. 


TABLE I. Helium. Values of pv ,. 


NO. ) p Pu dy 


0.09120 591.53 
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4 
59.797 0.07531 794.00 


The corresponding values for pvA,a=o are: 
for —- 2527.00 pva = 0.07455 
for — 258°.82 pva = 0.05222 


$ 3. Further results. The number of points on every isotherm is. 
too small, and the densities are too large to allow already now the 
derivation of the first individual virial coefficients of the polynomial 
of state (cf. $ 4 of Comm. N’. 102°). If, however, we give a graphical 
representation, it shows that the isotherm pva for — 259° must 
exhibit a minimum and hence B4 must be negative at this temperature. 
Further follows from the isotherm of — 253°, that the intersection 
of this line with the axis d= 0 lies near the BoyLr-point. Probably 
Ba is also already negative at — 253° though only slightly. All 
this agrees very well with what was derived in $ 5 of Comm. 
N’. 102°, and speaks for the validity of the extrapolation applied 
there with a view to the calculation of the critical temperature of 
the helium. 

In conclusion I gladly express my thanks to Mr. C. Braak for his. 
assistance in this investigation. 
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Physics. — “On the measurement of very low temperatures. XX. 
Influence of the deviations from the law of Bovın-CHarues 
on the temperature measured on the scale of the gas-thermo- 
meter of constant volume according to observations with this 
apparatus.” By Prof. H. KamerLınon Onnes and Ü. BRaAak. 
Comm. .N°. 1022 from the Physical Laboratory at Leiden. 


$ 1. In Comm. N°. 975 (Jan. ’07) under XV the formula of 
Cnappuis (see Comm. N°. 95° (Oct. ’06) form. (3)) for the cal- 
culation of the temperatures according to the hydrogen thermometer 
of constant volume was compared with formula (6) of XIV of the 
same Communication, in which formula attention has been paid to 
the deviations from the law of Boyue, whereas they are neglected in 
CnHappuis’ formula. As the result of this comparison we stated there 
that for a dead space of '/,., the mean relative coefficient of pressure 
between 0° and 100 is to be increased with 2 units of the 7!b deeimal, 
and the coefficient of pressure of the hydrogen thermometer at 1090 mm. 
zero point pressure was, therefore, to be put at 0,0036629 instead 
of at 0,0036627, a modification which is, however, so slight, that 
it just coineides with the limit of the errors of observation. We have 
Just found out that for this caleulation inaccurate values of DM and 


Bw), have been used. New calculations have revealed that the 


difference is much smaller than was stated just now, so that it is to 
be taken into account only for much higher values of the dead space 
and, with the exception of carbonie acid, has no influence even on 
CHappuis’ last decimal (the 8!:). That the use of the incorreet BP) 
was not detected, was due to the fact that the calculation of 
neglections indicated in XV had aceidentally led to the same result, 
. here, however, because the four corrections, as has been mentioned 
in XV, had been erroneously taken with the same sign, whereas 
they almost entirely cancel each other. We shall therefore in future 
keep to the unchanged coefficient of pressure 0.0036627. 

A consequence of the improved calculation is also that table XVIII 
of Comm. N’, 97% (Jan. ’07) can be dispensed with. The first two 
correetions derived in XIV $ 3 of the Communication mentioned, 
now become so small that they ‘fall outside the region of observation. 
The correetion calculated at the end of $ 3 becomes somewhat smaller 
for CHarpvis’ carbonie acid thermometer than has been given there, 
viz. — 0.22 x 10-%, to which another correction of — 0.8 x 10-" 
is to be added, if also the expansion by the pressure of the gas 


is to be taken into eonsideration. 
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$ 2. The restoration of our former value 0.0036627 further 
involves the following modifications, which are all of no importance 
as they do not exceed the errors of observation, but shonld be applied 
to make the agreement in the calculations complete : 

1. that in table XVI of Comm. N°®. 97° (Jan. ’07) in the first 
column the values of table XII are restored, and so all the numbers 
in the last decimal are increased by a unit. The latter holds also 
for the values of the second column of table XV], 

2. that in table XVII of the same Communication the values of 
the first column, except the last two, are increased by a unit in the 
last decimal, 

3. that no further corrections are required for the temperatures in 
table XVI of Comm. N’. 99« (June ’07) and table XX of Comm. 
N°. 100 (Dec. ’07) (see conclusion of $ 14 of Comm. N’. 99* and 
of $ 18 of Comm. N°. 100%). 

4. that in $ 3 of Comm. N’. 100% (Dec. ’07) the value for pv4100°.2 
and the corresponding virial coefficients are subjected to small changes, 
which, however, are of no importance, 

5. that the last line of Comm. N°. 101« (Dee. ’07) must be left out, 

6. that in $1L of Comm. N’. 101? (Dec. ’07) «a4v = 0,0036619 
changes into 0,0036617, and Tec. = 273°.08 into 273°.10, while 
Tooc. = 273°.07 of note ') in the $ mentioned changes into T7%yoc. = 
273°.09 and that in $2 ?=--273°.08 C. becomes —273°.10C., the 
changes in B',,, and in the values of table XXV being imperceptible, 

7. that the numerical values in $$1 and 3 of Comm. N’. 1025 (Dec. 
’07) require the emendations which have been applied in the trans- 
lation in the Proceedings (Febr. 29 ’08) (See footnote 1 there). 


Physics. — “On the condensation of helium.” By Prof. H. Kamer- 
LINGH ÖnNes. Communication N°. 105 of the Physical Laboratory 
at Leiden. 


(Not communicated here, see next communication). 


Physics. — ““Eiperiments on the condensatien of helium by expan- 
sion. By Prof. H. Kameruinen Onnes. Communication N°. 105 
of the Physical Laboratory at Leiden. 


In the last session I communicated what I had observed in expand- 
ing helium, which at a temperature of — 259° ©. had been strong] 

compressed. I made the experiment in consequence of my determine 
tions of the isotherms of helium at different temperatures i. a. also 
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at — 253° C. aud — 259° C., from which I had caleulated nearly 
5°K. for the critical ergurs of helium '). It thence followed 
that it would be possible by rapid expansion of helium compressed 
at 100 atm. at the meltingpoint‘ of hydrogen to pass below the 
eritical temperature and to cause a mist to appear in the gas’°). It 
was to put this conelusion to the test, that 1 compressed nearly 7 
liters of helium, purified by burning with copperoxyde and leading 
over charcoal at the temperature of liquid hydrogen (so that I could 
trust to have a gas with only very small admixtures) in a thick 
walled tube placed in a non silvered vacuum glass with liquid 
hydrogen, and provided with a stopcock through which the helium 
could be let off from the tube into a gasholder, a gasbag or a 
vacuum. The liquid hydrogen round the tube was exhausted at such 
a pressure that hydrogen cerystals just appeared at the surface of the 
liquid. The vacuumglass with hydrogen was surrounded by a second 
non silvered vacuumglass with liquid air. In the thickwalled tube, 
leaving only a small clearance, there was placed an extremely thin 
walled beaker °’) for protecting the gas which was cooled by expan- 
sion against conduction of heat from the walls, the layer of gas, 
between the beaker and the walls of the tube, though it was very 
thin, being a bad conductor. 

At the expansion of the helium a dense gray cloud appeared from 
which separated out solid masses floating in the gaseous helium, 
resembling partly cotton wool, partly also denser masses, as if floating 
in a syrupy liquid, adhering to the walls and sliding downward 
while at the same time vanishing rapidly (20"). There was no trace 
of melting. 

As far as I could judge then from the experiments I considered it 
probable that this solid substance was for the greater part helium. 

If helium passed immediately to the solid state then the position 
of the vapour line in respect to the adiabatics would be more favourable 
for condensation than was to be expected according to the formula 
of van DER Wauars. The voluminous aspect of the solid mass was 
in harmony with this. By the above and also by other observations 


1) OLszEwsKL from expansion experiments has deduced that the eritical tempe- 
rature of helium lies below 2° K. DEwAR estimates the boiling point according to 
the absorption in charcoal at higher than 5° K. (This would agree with a critical 
temperature of 8 K. Note added in the translation). 

2) Liquefaction by making use of the JouLEe KeLvın process would also be 
possible. (Note added in the translalion). 

3) This device has been used by OLsSzEwSKI in his experiments on the expan- 
sion of hydrogen (Note. added in the translation). 
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which afterwards gave rise to doubt or proved incorrect, I had for some 
time the convietion that I had seen solid helium rapidly giving 
off vapours of the pressure shown by the gas (once more than 15 
atm. was observed). 

The continuation of ıny experiments has shown that they must be 
explained in quite a different way. By a not sufficiently explained 
cause the gas proved to be not so pure as was to be expected con- 
sidering the method of purification. In analysing what was absorbed 
by charcoal at the temperature of boiling hydrogen till the charcoal 
did no more absorb hydrogen, (so that the gas could only contain 
traces of hydrogen) it could be proved that in one case the gas has 
contained only 0.45 and in another only 0.37 volume percents of 
hydrogen at most‘). But this small admixture must have had a very 
great influence. 

For at a repetition of the experiment with the helium subjected 
to the new treatment no cloud at all was observed. The experiment 
is not decisive as the velocity of expansion had been too small, but 
it is difficult before further investigation to find in the difference of 
velocity of expansion the cause that the helium in the tube remained 
now perfectly clear. 

The explication of the previous observations is to be found in 
solution phenomena of solid hydrogen in gaseous helium. The pheno- 
mena. which made the impression of being the giving off of vapour 
had been the solution of deposited solid hydrogen in the gaseous 
helium, the latter rapidly returning from the lower temperature to 
that of melting hydrogen, and the pressure increasing in consequence. 
Helium at the temperatures, that come into account here can accord- 
ing to the theory of mixtures take up at every temperature a per- 
centage of hydrogen determined by that temperature in such a way 
that it is not deposited at any pressure. On plausible suppositions 
one can deduce that at temperatures above the melting point of 
hydrogen this percentage can be considerable and that at this melting 
point itself it can be more than one percent. From mixtures with 
smaller percentage the hydrogen is only deposited at lower tempe- 
ratures e.g. by expansion. By the smallness of the quantity of hydrogen 
present it is also explained that after prolonged blowing off of the 
helium no solid hydrogen was left. For the quantity left was so 
small that it could evaporate in the space which it found at its 
disposal. 

It remains remarkable that as small a quantity of admixture as 
the gas contained has been able to give the total phenomenon of a 


1, About a small possible quantity of neon I could not yet be certain, 
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substance condensing to a solid and reevaporating, though the rapid 
evaporation, in which even denser masses were seen to be blown 
away sometimes, is in harmony with the smallness of this quantity 
of substance. There cannot have been much more than 1 mgr. or 15 
cubie millimetres of hydrogen in round numbers in the tube — 
probably there was less in it — and yet the tube of nearly 7 eubie 
centimetres was over its whole length gr almost a quarter filled 
with a dense flaky substance. 

As far as the experiments on the expansion of helium at the melting 
point of hydrogen are now advanced they show the curious forms 
that the solution phenomena of a solid in a gas take in the case of 
helium and hydrogen. They further point t6 the possibility of reali- 
sing with mixtures of hydrogen and helium the rising or falling of 
the solid substance according to the pressure exerted on the gas, the 
barotropie phenomenon for a solid and a gas. But the question of 
condensing helium is to be considered yet as an open one, which will 
ask an extensive investigation. 


POSTSCRIPTUM. 


]l have had the occasion to repeat the experiment with the gas 
that remained perfeetly clear in the last expansion experiment; and 
which also according to the spectroscopie test contained only traces 
of hydrogen. I now used a greater velocity of expansion. A thin cloud 
appeared and vanished extremely rapidiy (in 1" nearly). The mist 
now had another aspect. 

It is possible that the traces of hydrogen left in the gas will 
prove sufficient to cause this mist. But it is also possible that the 
mist has been a liquid cloud and the changed aspect seemed to 
point to this. If this might prove to be the case then the critical 
point would be nearly as I calculated it from the isothermals and 
helium would follow tolerably well the laws of van DER WAALS. 
The tube broke and I could not attain more certainty about the 
nature of the cloud. 

The preceding experiments show very strikingly how careful one 
has to be in making conclusions from the appearing or not appearing 
of a cloud by expansion. A decision about the critical temperature 
of helium is therefore only to be obtained by a prolonged systematical 
investigation which will take much time. 


(April, 24, 1908). 


